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Preface

This book presents a broad overview of numerical methods and software for students and
professionals in computationally oriented disciplines who need to solve mathematical prob-
lems. It is not a traditional numerical analysis text in that it contains relatively little
detailed analysis of the computational algorithms presented. Instead, I try to convey a gen-
eral understanding of the techniques available for solving problems in each major category,
including proper problem formulation and interpretation of results, but I advocate the use
of professionally written mathematical software for obtaining solutions whenever possible.
The book is aimed much more at potential users of mathematical software than at potential
creators of such software. I hope to make the reader aware of the relevant issues in selecting
appropriate methods and software and using them wisely.

At the University of Illinois, this book is used as the text for a comprehensive, one-
semester course on numerical methods that serves three main purposes:

e As a terminal course for senior undergraduates, mainly computer science, mathematics,
and engineering majors

e As a breadth course for graduate students in computer science who do not intend to
specialize in numerical analysis

e As a training course for graduate students in science and engineering who need to use
numerical methods and software in their research. It is a core course for the interdisci-
plinary graduate program in Computational Science and Engineering sponsored by the
College of Engineering.

To accommodate this diverse student clientele, the prerequisites for the course and the book
have been kept to a minimum: basic familiarity with linear algebra, multivariate calculus,
and a smattering of differential equations. No prior familiarity with numerical methods
is assumed. The book adopts a fairly sophisticated perspective, however, and the course
moves at a rather rapid pace in order to cover all of the material, so a reasonable level of
maturity on the part of the student (or reader) is advisable. Beyond the academic setting,
I hope that the book will also be useful as a reference for practicing engineers and scientists
who may need a quick overview of a given computational problem and the methods and

xiii
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software available for solving it.

Although the book emphasizes the use of mathematical software, unlike some other
software-oriented texts it does not provide any software, nor does it concentrate on any
specific software packages, libraries, or environments. Instead, for each problem category
pointers are provided to specific routines available from publicly accessible repositories,
other textbooks, and the major commercial libraries and packages. In many academic
and industrial computing environments such software is already installed, and in any case
pointers are also provided to public domain software that is freely accessible via the Internet.
The computer exercises in the book are not dependent on any specific choice of software or
programming language.

The main elements in the organization of the book are as follows:

Chapters: Each chapter of the book covers a major computational problem area. The
first half of the book deals primarily with algebraic problems, whereas the second half
treats analytic problems involving derivatives and integrals. The first two chapters are
fundamental to the remainder of the book, but the subsequent chapters can be covered
in various orders according to the instructor’s preference. More specifically, the direct
interdependence of chapters is as follows:

Chapter Depends on | Chapter Depends on Chapter Depends on

2 1 6 15 10 1,2,4,5 79
3 1,2 7 1,2 11 1,2, 4-10

4 1-3 8 1,2, 5,7 12 1,2,7

5 1,2, 4 9 1,2,4,5,7,8 13 1

I i

Thus, the main opportunities for moving material around are to cover Chapters 7 and 12
earlier and Chapter 6 later than their appearance in the book. For example, Chapters 3,
7, and 12 all involve some type of data fitting, so it might be desirable to cover them as
a unit. As another example, iterative methods for linear systems are covered in Chapter
11 on partial differential equations because that is where the most important motivating
examples come from, but much of this material could be covered immediately following
direct methods for linear systems in Chapter 2.

The entire book can be covered in one semester by moving at a rapid pace or by omitting
a few sections. There is also sufficient material for a more leisurely two-quarter course. A
one-quarter course would likely require omitting some chapters. Chapter 13, on random
numbers and stochastic simulation, is only peripherally related to the remainder of the book
and is an obvious candidate for omission if time runs short (random number generators are
used in a number of exercises throughout the book, however).

Examples: Almost every concept and method introduced is illustrated by one or more
examples. These examples are meant to supplement the relatively terse general discussion
and should be read as an essential part of the text. The examples have been kept as simple
as possible (sometimes at the risk of oversimplification) so that the reader can easily follow
them. In my experience, a simple example that is thoroughly understood is usually more
helpful than a more realistic example that is more difficult to follow.

Software: The lists of available software for each problem category are meant to be
reasonably comprehensive. I have not attempted to single out the “best” software available
for a given problem, partly because usually no single package is superior in all respects and
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partly to allow for the varied software availability and choice of programming language that
may apply for different readers. All of the recommended software is at least competently
written, and some of it is superb.

Exercises: The book contains many exercises, which are divided into three classes:

o Review questions, which are short-answer questions designed to test basic conceptual
understanding

e Fzercises, which require somewhat more thought, longer answers, and possibly some hand
computation

e Computer problems, which require some programming and often involve the use of existing
software.

The review questions are meant for self-testing on the part of the reader. They include some
deliberate repetition to drive home key points and to build confidence in the mastery of the
material. The longer exercises are meant to be suitable for written homework assignments.
Some of these require manual computations with simple examples, whereas others are de-
signed to supply missing details of derivations and proofs omitted from the main text. The
latter should be especially useful if the book is used for a more theoretical course. The com-
puter problems provide an opportunity for hands-on experience in using the recommended
software for solving typical problems in each category. Some of these problems are generic,
but others are directly related to specific applications in various scientific and engineering
disciplines.

This book provides a fairly comprehensive introduction to scientific computing, but
scientific computing is only part of what has become known as computational science.
Computational science is a relatively new mode of scientific investigation that includes
several phases:

1. Development of a mathematical model—often expressed as some type of equation—of a

physical phenomenon or system of interest

Development of an algorithm to solve the equation numerically

Implementation of the algorithm in computer software

Numerical simulation of the physical phenomenon using the computer software

Representation of the computed results in some comprehensible form, often through

graphical visualization

6. Interpretation and validation of the computed results, which may lead to correction or
further refinement of the original mathematical model and repetition of the cycle, if
necessary.

AR

As we construe it, scientific computing is primarily concerned with phases 2—4: the de-
velopment, implementation, and use of numerical algorithms and software. Although the
other phases are equally important in the overall process, their detailed study is beyond
the scope of this book. A serious study of mathematical modeling would require far more
domain-specific knowledge than we assume and far more space than we can accommodate.
Fortunately, mathematical modeling is the subject of numerous excellent books, some of a
general nature and others focusing on specific individual disciplines. Thus, although nu-
merous concrete applications appear in the exercises, our main discussion treats each major
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problem type in a very general form. Similarly, we measure the accuracy of computed
results with respect to the true solution of a given equation, whereas in practice results
should also be validated against the actual physical phenomenon being modeled whenever
possible. Learning about scientific computing is an important component in the training
of computational scientists and engineers, but there is more to computational science than
just numerical methods and software. Accordingly, this book is intended as only a portion
of a well-rounded curriculum in computational science, which should also include additional
computer skills—e.g., software design principles, data structures, non-numerical algorithms,
performance evaluation and tuning, graphics/visualization, and the software tools associ-
ated with all of these—as well as much deeper treatment of specific applications in science
and engineering.

The presentation of largely familiar material is inevitably influenced by other treatments
one has seen. My initial experience in presenting some of the material in this book was
as a graduate teaching assistant at Stanford University using a prepublication draft of
the book by Forsythe, Malcolm, and Moler [82]. “FMM” was one of the first software-
oriented textbooks on numerical methods, and its spirit is very much reflected in the current
book. I later used FMM very successfully in teaching in-house courses for practical-minded
scientists and engineers at Oak Ridge National Laboratory, and more recently I have used its
successor, by Kahaner, Moler and Nash [142], in teaching a similar course at the University
of Illinois. Readers familiar with those two books will recognize the origin of some aspects of
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Notation

The notation used in this book is fairly standard and should require little explanation. We
freely use vector and matrix notation, generally using uppercase bold type for matrices,
lowercase bold type for vectors, regular (nonbold) type for scalars, and calligraphic type
for sets. Iteration and component indices are denoted by subscripts, usually ¢ through n.
For example, a vector & and matrix A have entries x; and a;;, respectively. On the few
occasions when both an iteration index and a component index are needed, the iteration
is indicated by a parenthesized superscript, as in xz(»k) to indicate the ith component of the
kth vector in a sequence. Otherwise, x; denotes the ith component of a vector @, whereas
x; denotes the ith vector in a sequence.

For simplicity, we will deal primarily with real vectors and matrices, although most of
the theory and algorithms we discuss carry over with little or no change to the complex
field. The set of real numbers is denoted by R, n-dimensional real Euclidean space by R",
and the set of real m x n matrices by R™*",

The transpose of a vector or matrix is indicated by a superscript T', and the conjugate
transpose by superscript H (for Hermitian). Unless otherwise indicated, all vectors are
regarded as column vectors; a row vector is indicated by explicitly transposing a column
vector. For typesetting convenience, the components of a column vector are sometimes
indicated by transposing the corresponding row vector, as in © = [z1 22 ]T. The inner
product (also known as dot product or scalar product) of two n-vectors  and y is simply
a special case of matrix multiplication and thus is denoted by x”y (or 'y in the complex
case). Similarly, their outer product, which is an n x n matrix, is denoted by xy”. The
identity matrix of order n is denoted by I, (or just I if the dimension n is clear from
context), and its ith column is denoted by e;. A zero matrix is denoted by O, a zero

vector by o, and a zero scalar by 0. A diagonal matrix with diagonal entries di,...,d, is
denoted by diag(dy,...,d,). Inequalities between vectors or matrices are to be understood
elementwise.

The ordinary derivative of a function f(t) of one variable is denoted by df /dt or by f’(t).
Partial derivatives of a function of several variables, such as u(x,y), are denoted by du/dz,
for example, or in some contexts by a subscript, as in u,. Notation for gradient vectors and
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Jacobian and Hessian matrices will be introduced as needed. All logarithms are natural
logarithms (base e &~ 2.718) unless another base is explicitly indicated.

The computational cost, or complexity, of numerical algorithms is usually measured
by the number of arithmetic operations required. Traditionally, numerical analysts have
counted only multiplications (and possibly divisions and square roots), because multiplica-
tions were usually significantly more expensive than additions or subtractions and because
in most algorithms multiplications tend to be paired with a similar number of additions
(for example, in computing the inner product of two vectors). More recently, the difference
in cost between additions and multiplications has largely disappeared.! Computer vendors
and users like to advertise the highest possible performance, so it is increasingly common
for every arithmetic operation to be counted. Because certain operation counts are so well
known using the traditional practice, however, in this book only multiplications are usually
counted. To clarify the meaning, the phrase “and a similar number of additions” will be
added, or else it will be explicitly stated when both are being counted.

In quantifying operation counts and the accuracy of approximations, we will often use
“big-oh” notation to indicate the order of magnitude, or dominant term, of a function. For
an operation count, we are interested in the behavior as the size of the problem, say n,
becomes large. We say that

f(n) =0O(g(n))
(read “f is big-oh of g” or “f is of order g”) if there is a positive constant C' such that

|f(n)] < Clg(n)]
for n sufficiently large. For example,
2n3 + 3n +n = O(n?)

because as n becomes large, the terms of order lower than n? become relatively insignificant.
For an accuracy estimate, we are interested in the behavior as some quantity h, such as a
stepsize or mesh spacing, becomes small. We say that

if there is a positive constant C' such that

[f(h)] < Clg(h)|

for h sufficiently small. For example,

1
m:1+h+h2+h3+--- =1+ h+ O(h?)

because as h becomes small, the omitted terms beyond h? become relatively insignificant.
Note that the two definitions are equivalent if h = 1/n.

!Many modern microprocessors can perform a coupled multiplication and addition with a single
multiply-add instruction.



Chapter 1

Scientific Computing

1.1 Introduction

The subject of this book is traditionally called numerical analysis. Numerical analysis is
concerned with the design and analysis of algorithms for solving mathematical problems that
arise in computational science and engineering. For this reason, numerical analysis has more
recently become known as scientific computing. Numerical analysis is distinguished from
most other parts of computer science in that it deals with quantities that are continuous,
as opposed to discrete. It is concerned with functions and equations whose underlying
variables—time, distance, velocity, temperature, density, pressure, stress, and the like—are
continuous in nature.

Most of the problems of continuous mathematics (for example, almost any problem
involving derivatives, integrals, or nonlinearities) cannot be solved, even in principle, in a
finite number of steps and thus must be solved by a (theoretically infinite) iterative process
that ultimately converges to a solution. In practice, of course, one does not iterate forever,
but only until the answer is approximately correct, “close enough” to the desired result
for practical purposes. Thus, one of the most important aspects of scientific computing is
finding rapidly convergent iterative algorithms and assessing the accuracy of the resulting
approximation. If convergence is sufficiently rapid, even some of the problems that can be
solved by finite algorithms, such as systems of linear algebraic equations, may in some cases
be better solved by iterative methods, as we will see.

Consequently, a second factor that distinguishes numerical analysis is its concern with
approximations and their effects. Many solution techniques involve a whole series of ap-
proximations of various types. Even the arithmetic used is only approximate, for digital
computers cannot represent all real numbers exactly. In addition to having the usual prop-
erties of good algorithms, such as efficiency, numerical algorithms should also be as reliable
and accurate as possible despite the various approximations made along the way.
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1.1.1 General Strategy

In seeking a solution to a given computational problem, a basic general strategy, which
occurs throughout this book, is to replace a difficult problem with an easier one that has
the same solution, or at least a closely related solution. Examples of this approach include

e Replacing infinite processes with finite processes, such as replacing integrals or infinite
series with finite sums, or derivatives with finite difference quotients

Replacing general matrices with matrices having a simpler form

Replacing complicated functions with simple functions, such as polynomials

Replacing nonlinear problems with linear problems

Replacing differential equations with algebraic equations

Replacing high-order systems with low-order systems

Replacing infinite-dimensional spaces with finite-dimensional spaces

For example, to solve a system of nonlinear differential equations, we might first replace it
with a system of nonlinear algebraic equations, then replace the nonlinear algebraic system
with a linear algebraic system, then replace the matrix of the linear system with one of a
special form for which the solution is easy to compute. At each step of this process, we
would need to verify that the solution is unchanged, or is at least within some required
tolerance of the true solution.

To make this general strategy work for solving a given problem, we must have

e An alternative problem, or class of problems, that is easier to solve
e A transformation of the given problem into a problem of this alternative type that pre-
serves the solution in some sense

Thus, much of our effort will go into identifying suitable problem classes with simple solu-
tions and solution-preserving transformations into those classes.

Ideally, the solution to the transformed problem is identical to that of the original prob-
lem, but this is not always possible. In the latter case the solution may only approximate
that of the original problem, but the accuracy can usually be made arbitrarily good at the
expense of additional work and storage. Thus, primary concerns are estimating the accu-
racy of such an approximate solution and establishing convergence to the true solution in
the limit.

1.2 Approximations in Scientific Computation

1.2.1 Sources of Approximation

There are many sources of approximation or inexactness in computational science. Some of
these occur even before computation begins:

e Modeling: Some physical features of the problem or system under study may be sim-
plified or omitted (e.g., friction, viscosity).

e Empirical measurements: Laboratory instruments have finite precision. Their accu-
racy may be further limited by small sample size, or readings obtained may be subject to
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random noise or systematic bias. For example, even the most careful measurements of im-
portant physical constants, such as Newton’s gravitational constant or Planck’s constant,
typically yield values with at most eight or nine significant decimal digits.

e Previous computations: Input data may have been produced by a previous step whose
results were only approximate.

The approximations just listed are usually beyond our control, but they still play an im-
portant role in determining the accuracy that should be expected from a computation. We
will focus most of our attention on approximations over which we do have some influence.
These systematic approximations that occur during computation include

e Truncation or discretization: Some features of a mathematical model may be omitted
or simplified (e.g., replacing a derivative by a difference quotient or using only a finite
number of terms in an infinite series).

¢ Rounding The computer representation of real numbers and arithmetic operations upon
them is generally inexact.

The accuracy of the final results of a computation may reflect a combination of any or all
of these approximations, and the resulting perturbations may be amplified or magnified by
the nature of the problem being solved or the algorithm being used, or both. The study of
the effects of such approximations on the accuracy and stability of numerical algorithms is
traditionally called error analysis.

Example 1.1 Approximations. The surface area of the Earth might be computed using
the formula

A = 47r?

for the surface area of a sphere of radius r. The use of this formula for the computation
involves a number of approximations:

e The Earth is modeled as a sphere, which is an idealization of its true shape.

e The value for the radius, r ~ 6370 km, is based on a combination of empirical measure-
ments and previous computations.

e The value for 7 is given by an infinite limiting process, which must be truncated at some
point.

e The numerical values for the input data, as well as the results of the arithmetic operations
performed on them, are rounded in a computer.

The accuracy of the computed result depends on all of these approximations.

1.2.2 Data Error and Computational Error

As we have just seen, some errors can be attributed to the input data, whereas others are
due to subsequent computational processes. Although this distinction is not always clear-
cut (rounding, for example, may affect both the input data and subsequent computational
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results), it is nevertheless helpful in understanding the overall effects of approximations in
numerical computations.

A typical problem can be viewed as the computation of the value of a function, say
f:R — R (most realistic problems are multidimensional, but for now we consider only
one dimension for illustration). Denote the true value of the input data by x, so that the
desired true result is f(z). Suppose that we must work with inexact input, say &, and we
can compute only an approximation to the function, say f . Then

Total error = ]f(:%) — f(z)
(f(2) - f(2))  + (f(2) = f(2))

= computational error + propagated data error.

The first term in the sum is the difference between the exact and approximate functions for
the same input and hence can be considered pure computational error. The second term
is the difference between exact function values due to error in the input and thus can be
viewed as pure propagated data error. Note that the choice of algorithm has no effect on
the propagated data error.

1.2.3 Truncation Error and Rounding Error

Similarly, computational error (that is, error made during the computation) can be subdi-
vided into truncation (or discretization) error and rounding error:

e Truncation error is the difference between the true result (for the actual input) and the
result that would be produced by a given algorithm using exact arithmetic. It is due
to approximations such as truncating an infinite series, replacing a derivative by a finite
difference quotient, replacing an arbitrary function by a polynomial, or terminating an
iterative sequence before convergence.

e Rounding error is the difference between the result produced by a given algorithm using
exact arithmetic and the result produced by the same algorithm using finite-precision,
rounded arithmetic. It is due to inexactness in the representation of real numbers and
arithmetic operations upon them, which we will consider in detail in Section 1.3.

By definition, then, computational error is simply the sum of truncation error and rounding
error.

Although truncation error and rounding error can both play an important role in a given
computation, one or the other is usually the dominant factor in the overall computational
error. Roughly speaking, rounding error tends to dominate in purely algebraic problems
with finite solution algorithms, whereas truncation error tends to dominate in problems
involving integrals, derivatives, or nonlinearities, which often require a theoretically infinite
solution process.

The distinctions we have made among the different types of errors are important for
understanding the behavior of numerical algorithms and the factors affecting their accuracy,
but it is usually not necessary, or even possible, to quantify precisely the individual types
of errors. Indeed, as we will soon see, it is often advantageous to lump all of the errors
together and attribute them to error in the input data.
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1.2.4 Absolute Error and Relative Error

The significance of an error is obviously related to the magnitude of the quantity being
measured or computed. For example, an error of 1 is much less significant in counting the
population of the Earth than in counting the occupants of a phone booth. This motivates
the concepts of absolute error and relative error, which are defined as follows:

Absolute error = approximate value — true value,
. absolute error
Relative error = ————
true value

Some authors define absolute error to be the absolute value of the foregoing difference, but
we will take the absolute value explicitly when only the magnitude of the error is needed.

Relative error can also be expressed as a percentage, which is simply the relative error
times 100. Thus, for example, an absolute error of 0.1 relative to a true value of 10 would
be a relative error of 0.01, or 1 percent. A completely erroneous approximation would
correspond to a relative error of at least 1, or at least 100 percent, meaning that the
absolute error is as large as the true value. One interpretation of relative error is that if a
quantity & has a relative error of about 10~%, the decimal representation of & has about ¢
correct significant digits.

Another useful way to express the relationship between absolute and relative error is
the following:

Approximate value = (true value) x (1 + relative error).

Of course, we do not usually know the true value; if we did, we would not need to bother
with approximating it. Thus, we will usually merely estimate or bound the error rather
than compute it exactly, because the true value is unknown. For this same reason, relative
error is often taken to be relative to the approximate value rather than to the true value,
as in the foregoing definition.

1.2.5 Sensitivity and Conditioning

Difficulties in solving a problem accurately are not always due to an ill-conceived formula or
algorithm, but may be inherent in the problem being solved. Even with exact computation,
the solution to the problem may be highly sensitive to perturbations in the input data.

A problem is said to be insensitive, or well-conditioned, if a given relative change in the
input data causes a reasonably commensurate relative change in the solution. A problem
is said to be sensitive, or ill-conditioned, if the relative change in the solution can be much
larger than that in the input data.

More formally, we define the condition number of a problem f at x as

— f(@))/f(=z)]
& —x)/z| ’

[relative change in solution|  |(f(%)

Cond = =
[relative change in input data| I(

where Z is a point near x. A problem is sensitive, or ill-conditioned, if its condition number
is much larger than 1. Anyone who has felt a shower go from freezing to scalding, or vice
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versa, at the slightest touch of the temperature control has had first-hand experience with
a sensitive system.

Example 1.2 Evaluating a Function. Consider the propagated data error when a
function f is evaluated for an approximate input argument & = x + h instead of the “true”
input value z. We know from calculus that

Absolute error = f(x + h) — f(z) ~ hf'(z),

so that ,
Relative error = f@ +fh():c)_ /() ~ h?((ji’
and hence hf/( )/f( ) f/( )
T T T
Cond ~ e = ’x @) |

Thus, the relative error in the function value can be much larger or smaller than that in
the input, depending on the properties of the function involved and the particular value of
the input. For example, if f(z) = e®, then the absolute error ~ he”, relative error ~ h, and
cond = |x|.

Example 1.3 Sensitivity. Consider the problem of computing values of the cosine
function for arguments near 7/2. Let x &~ m/2 and let h be a small perturbation to . Then
the error in computing cos(z + h) is given by

Absolute error = cos(z + h) — cos(z) ~ —hsin(z) ~ —h,

and hence
Relative error ~ —htan(z) =~ co.

Thus, small changes in x near 7/2 cause large relative changes in cos(z) regardless of the
method for computing it. For example,

cos(1.57079) = 0.63267949 x 1077,

whereas

cos(1.57078) = 1.63267949 x 107>,

so that the relative change in the output, 1.58, is about a quarter of a million times larger
than the relative change in the input, 6.37 x 1076.

1.2.6 Backward Error Analysis

Analyzing the forward propagation of errors in a computation is often very difficult. More-
over, the worst-case assumptions made at each stage often lead to a very pessimistic bound
on the overall error. An alternative approach is backward error analysis: Consider the ap-
proximate solution obtained to be the exact solution for a modified problem, then ask how
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large a modification to the original problem is required to give the result actually obtained.
In other words, how much data error in the initial input would be required to explain all of
the error in the final computed result? In terms of backward error analysis, an approximate
solution to a given problem is good if it is the exact solution to a “nearby” problem.

These relationships are illustrated schematically (and not to scale) in Fig. 1.1, where x
and f denote the exact input and function, respectively, f denotes the approximate function
actually computed, and & denotes an input value for which the exact function would give
this computed result. Note that the equality f(Z) = f (x) is due to the choice of #; indeed,
this requirement defines .

* f(x)

|

forward error

backward error

|

xr ®

* f(2)=[f(x)

Figure 1.1: Schematic diagram of backward error analysis.

Example 1.4 Backward Error Analysis. Suppose we want a simple function for
approximating the exponential function f(x) = e*, and we want to examine its accuracy for
the argument x = 1. We know that the exponential function is given by the infinite series
2 3
_ T
so we might consider truncating the series after, say, four terms to get the approximation

2 $2 .I‘s

fa)y =142+ +

The forward error in this approximation is then given by

f(x) = f(=).

To determine the backward error, we must find the input value Z for f that gives the output
value we actually obtained for f, that is, for which f(Z) = f(z). For the exponential
function, we know that this value is given by

~

& =log(f()).
Thus, for the particular input value z = 1, we have, to seven decimal places,
f(z) =2.718282, f(z) = 2.666667,

& = 1og(2.666667) = 0.980829,
Forward error = f(z) — f(z) = —0.051615,
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Backward error = 2 — 2z = —0.019171.

The point here is not to compare the numerical values of the forward and backward errors
quantitatively, but merely to illustrate the concepts involved and to show that both are
legitimate approaches to assessing accuracy. In this case, the forward error indicates that
the accuracy is fairly good because the output is close to what we wanted to compute,
whereas the backward error indicates that the accuracy is fairly good because the output
we obtained is correct for an input that is only slightly perturbed.

1.2.7 Stability and Accuracy

The concept of stability of a computational algorithm is analogous to conditioning of a
mathematical problem. Both concepts have to do with sensitivity to perturbations, but
the term stability is usually used for algorithms and conditioning for problems (although
stability is sometimes used for problems as well, especially in differential equations). An
algorithm is stable if the result it produces is relatively insensitive to perturbations resulting
from approximations made during the computation. From the viewpoint of backward error
analysis, an algorithm is stable if the result it produces is the exact solution to a nearby
problem.

Accuracy, on the other hand, refers to the closeness of a computed solution to the true
solution of the problem under consideration. Stability of an algorithm does not by itself
guarantee that the computed solution is accurate: accuracy depends on the conditioning
of the problem as well as the stability of the algorithm. Stability tells us that the solution
obtained is exact for a nearby problem, but the solution to that nearby problem is not nec-
essarily close to the solution to the original problem unless the problem is well-conditioned.
Thus, inaccuracy can result from applying a stable algorithm to an ill-conditioned problem
as well as from applying an unstable algorithm to a well-conditioned problem.

1.3 Computer Arithmetic

As noted earlier, one type of approximation inevitably made in scientific computing is in
representing real numbers on a computer. In this section we will examine in some detail the
finite-precision arithmetic systems that are used for most scientific computations on digital
computers.

1.3.1 Floating-Point Numbers

In a digital computer, the real number system of mathematics is represented approximately
by a floating-point number system. The basic idea resembles scientific notation, in which
a number of very large or very small magnitude is expressed as a number of moderate
size times an appropriate power of ten. For example, 2347 and 0.0007396 are written as
2.347 % 103 and 7.396 x 10™4, respectively. In this format, the decimal point moves, or floats,
as the power of 10 changes. Formally, a floating-point number system is characterized by
four integers:
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J6] Base or radix
t Precision
[L,U] Exponent range

By definition, any number z in the floating-point system is represented as follows:
d1 d2 dtfl

f”:i(d0+§+@+"'+ﬁm

)/Be’

where
0<d; <pB—-1, i=0,...,t—1,

and
L<e<U.

The part in parentheses, represented by the string of base-3 digits dod; - - - d;—1, is called the
mantissa or significand, and e is called the exponent or characteristic of the floating-point
number x. The portion dids - - - d;—1 of the mantissa is called the fraction. In a computer,
the sign, exponent, and mantissa are stored in separate fields of a given floating-point word,
each of which has a fixed width. The number zero is represented uniquely by having both
its mantissa and its exponent equal to zero.

Most computers today use binary (8 = 2) arithmetic, but other bases have also been
used in the past, such as hexadecimal (§ = 16) in IBM mainframes and 5 = 3 in an ill-fated
Russian computer. Octal (5 = 8) and hexadecimal notations are also commonly used as a
convenient shorthand for writing binary numbers in groups of three or four binary digits
(bits), respectively. For obvious reasons, decimal (§ = 10) arithmetic is popular in hand-
held calculators. To facilitate human interaction, a computer usually converts numerical
values from decimal notation on input and to decimal notation for output, regardless of
the base it uses internally. Parameters for some typical floating-point systems are given
in Table 1.1, which illustrates the trade-off between precision and exponent range implied
by their respective field widths. For example, working with the same 64-bit word length,
the Cray system has a wider exponent range than does IEEE double precision, but at the
expense of carrying less precision.

Table 1.1: Parameters for some typical floating-point systems

System 6t L U
IEEE SP 2 24 —126 127
IEEE DP 2 53 —-1,022 1,023
Cray 2 48 —16,383 16,384
HP calculator 10 12 —499 499
IBM mainframe 16 6 —64 63

The IEEE standard single-precision (SP) and double-precision (DP) binary floating-
point systems are by far the most important today. They have been almost universally
adopted for personal computers and workstations, and also for many mainframes and su-
percomputers as well. The IEEE standard was carefully crafted to eliminate the many
anomalies and ambiguities in earlier vendor-specific floating-point implementations and has
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greatly facilitated the development of portable and reliable numerical software. It also
allows for sensible and consistent handling of exceptional situations, such as division by
Zero.

1.3.2 Normalization

A floating-point system is said to be normalized if the leading digit dg is always nonzero
unless the number represented is zero. Thus, in a normalized floating-point system, the
mantissa m of a given nonzero floating-point number always satisfies

1<m<p.

(An alternative convention is that dy is always zero, in which case a floating-point number
is said to be normalized if d; # 0, and 3~! < m < 1 instead.) Floating-point systems are
usually normalized because

e The representation of each number is then unique.

e No digits are wasted on leading zeros, thereby maximizing precision.

e In a binary (§ = 2) system, the leading bit is always 1 and thus need not be stored,
thereby gaining one extra bit of precision for a given field width.

1.3.3 Properties of Floating-Point Systems

A floating-point number system is finite and discrete. The number of normalized floating-
point numbers is

231U - L+1)+1

because there are two choices of sign, 8 — 1 choices for the leading digit of the mantissa, 3
choices for each of the remaining ¢t — 1 digits of the mantissa, and U — L + 1 possible values
for the exponent. The 1 is added because the number could be zero.

There is a smallest positive normalized floating-point number,

Underflow level = UFL = 5L ,

which has a 1 as the leading digit and 0 for the remaining digits of the mantissa, and the
smallest possible value for the exponent. There is a largest floating-point number,

Overflow level = OFL = ﬁUH(l - 37,

which has 6 —1 as the value for each digit of the mantissa and the largest possible value for
the exponent. Any number larger than OFL cannot be represented in the given floating-
point system, nor can any positive number smaller than UFL.

Floating-point numbers are not uniformly distributed throughout their range, but are
equally spaced only between successive powers of G. Not all real numbers are exactly
representable in a floating-point system. Real numbers that are exactly representable in a
given floating-point system are sometimes called machine numbers.

Example 1.5 Floating-Point System. An example floating-point system is illustrated
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in Fig. 1.2, where the tick marks indicate all of the 25 floating-point numbers in a system
having 6 = 2, t = 3, L = —1, and U = 1. For this system, the largest number is
OFL = (1.11)3 x 2! = (3.5)10, and the smallest positive normalized number is UFL =
(1.00)3 x 271 = (0.5)19. This is a very tiny, toy system for illustrative purposes only, but
it is in fact characteristic of floating-point systems in general: at a sufficiently high level of
magnification, every normalized floating-point system looks essentially like this one—grainy
and unequally spaced.

\
\
—4 -3 -2 -1 0 1 2 3 4

Figure 1.2: Example of a floating-point number system.

1.3.4 Rounding

If a given real number x is not exactly representable as a floating-point number, then it
must be approximated by some “nearby” floating-point number. We denote the floating-
point approximation of a given real number = by fl(z). The process of choosing a nearby
floating-point number fl(xz) to approximate a given real number x is called rounding, and
the error introduced by such an approximation is called rounding error, or roundoff error.
Two of the most commonly used rounding rules are

e Chop: The base-f expansion of x is truncated after the (¢t — 1)st digit. Since fl(z) is the
next floating-point number towards zero from z, this rule is also sometimes called round
toward zero.

e Round to nearest: fl(x) is the nearest floating-point number to x; in case of a tie, we use
the floating-point number whose last stored digit is even. Because of the latter property,
this rule is also sometimes called round to even.

Rounding to nearest is the most accurate, but it is somewhat more expensive to implement
correctly. Some systems in the past have used rounding rules that are cheaper to implement,
such as chopping, but rounding to nearest is the default rounding rule in IEEE standard
systems.

Example 1.6 Rounding Rules. Rounding the following decimal numbers to two digits
using each of the rounding rules gives the following results

Number Chop Round to nearest | Number Chop Round to nearest

1.649 1.6 1.6 1.749 1.7 1.7
1.650 1.6 1.6 1.750 1.7 1.8
1.651 1.6 1.7 1.751 1.7 1.8

1.699 1.6 1.7 1.799 1.7 1.8
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A potential source of additional error that is often overlooked is in the decimal-to-binary
and binary-to-decimal conversions that usually take place upon input and output of floating-
point numbers. Such conversions are not covered by the IEEE standard, which governs
only internal arithmetic operations. Correctly rounded input and output can be obtained
at reasonable cost, but not all computer systems do so. Efficient, portable routines for
correctly rounded binary-to-decimal and decimal-to-binary conversions—dtoa and strtod,
respectively—are available from netlib (see Section 1.4.1).

1.3.5 Machine Precision

The accuracy of a floating-point system can be characterized by a quantity variously known
as the unit roundoff, machine precision, or machine epsilon. Its value, which we denote by
€mach, depends on the particular rounding rule used. With rounding by chopping,

_ al—t
€mach = ﬂ )
whereas with rounding to nearest,
_ 11—t
€mach = 5/6 .

The unit roundoff is important because it determines the maximum possible relative error
in representing a nonzero real number z in a floating-point system:

< €mach-

’ @) =

T

An alternative characterization of the unit roundoff that you may sometimes see is that
it is the smallest number € such that

fA(14¢€) >1,

but this is not quite equivalent to the previous definition if the round-to-even rule is used.
Another definition sometimes used is that eyacn is the distance from 1 to the next larger
floating-point number, but this may differ from either of the other definitions. Although
they can differ in detail, all three definitions of €., have the same basic intent as measures
of the granularity of a floating-point system.

For the toy illustrative system in Example 1.5, €acn = 0.25 with rounding by chopping,
and €paen = 0.125 with rounding to nearest. For IEEE binary floating-point systems,
€mach = 27 2% ~ 1077 in single precision and emacn = 27°3 ~ 10710 in double precision. We
thus say that the IEEE single- and double-precision floating-point systems have about 7
and 16 decimal digits of precision, respectively.

Though both are “small,” the unit roundoff should not be confused with the underflow
level. The unit roundoff €,,,q, is determined by the number of digits in the mantissa field
of a floating-point system, whereas the underflow level UFL is determined by the number
of digits in the exponent field. In all practical floating-point systems,

0 < UFL < émach < OFL.
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1.3.6 Subnormals and Gradual Underflow

In the toy floating-point system illustrated in Fig. 1.2, there is a noticeable gap around
zero. This gap, which is present to some degree in any floating-point system, is due to
normalization: the smallest possible mantissa is 1.00. .., and the smallest possible exponent
is L, so there are no floating-point numbers between zero and . If we relax our insistence
on normalization and allow leading digits to be zero (but only when the exponent is at its
minimum value), then the gap around zero can be “filled in” by additional floating-point
numbers. For our toy illustrative system, this relaxation gains six additional floating-point
numbers, the smallest positive one of which is (0.01)2 x 27! = (0.125)10, as shown in Fig. 1.3.

Figure 1.3: Example of a floating-point system with subnormals.

The extra numbers added to the system in this way are referred to as subnormal or
denormalized floating-point numbers. Although they usefully extend the range of magni-
tudes representable, subnormal numbers have inherently lower precision than normalized
numbers because they have fewer significant digits in their fractional parts. In particular,
extending the range in this manner does not make the unit roundoff €,,,., any smaller.

Such an augmented floating-point system is sometimes said to exhibit gradual underflow,
since it extends the lower range of magnitudes representable rather than underflowing to
zero as soon as the minimum exponent value would otherwise be exceeded. The IEEE
standard provides for such subnormal numbers and gradual underflow. Gradual underflow
is implemented through a special reserved value of the exponent field because the leading
binary digit is not stored and hence cannot be used to indicate a denormalized number.

1.3.7 Exceptional Values

The IEEE floating-point standard provides two additional special values that indicate ex-
ceptional situations:

e Inf, which stands for “infinity,” results from dividing a finite number by zero, such as
1/0.

e NaN, which stands for “not a number,’
such as 0/0, 0 * Inf, or Inf/Inf.

" results from undefined or indeterminate operations

Inf and NaN are implemented in IEEE arithmetic through special reserved values of the
exponent field.

Whether Inf and NaN are supported at the user level in a given computing environment
depends on the language, compiler, and run-time system. If available, these quantities can
be helpful in designing software that deals gracefully with exceptional situations rather than
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abruptly aborting the program. In MATLAB (see Section 1.4.2), for example, if Inf and NaN
arise, they are propagated sensibly through a computation (e.g., 1 + Inf = Inf). It is still
desirable, however, to avoid such exceptional situations entirely, if possible. In addition to
alerting the user to arithmetic exceptions, these special values can also be useful as flags
that cannot be confused with any legitimate numeric value. For example, NaN might be
used to indicate a portion of an array that has not yet been defined.

1.3.8 Floating-Point Arithmetic

In adding or subtracting two floating-point numbers, their exponents must match before
their mantissas can be added or subtracted. If they do not match initially, then the mantissa
of one of the numbers must be shifted until the exponents do match. In performing such
a shift, some of the trailing digits of the smaller (in magnitude) number will be shifted off
the end of the mantissa field, and thus the correct result of the arithmetic operation cannot
be represented exactly in the floating-point system. Indeed, if the difference in magnitude
is too great, then the entire mantissa of the smaller number may be shifted completely
beyond the field width so that the result is simply the larger of the operands. Another way
of saying this is that if the true sum of two ¢-digit numbers contains more than ¢ digits,
then the excess digits will be lost when the result is rounded to ¢ digits, and in the worst
case the operand of smaller magnitude may be lost completely.

Multiplication of two floating-point numbers does not require that their exponents
match—the exponents are simply summed and the mantissas multiplied. However, the
product of two t-digit mantissas will in general contain up to 2t digits, and thus once again
the correct result cannot be represented exactly in the floating-point system and must be
rounded.

Example 1.7 Floating-Point Arithmetic. Consider a floating-point system with g = 10
and t = 6. If x = 1.92403 x 10 and y = 6.35782 x 107!, then floating-point addition gives
the result  + vy = 1.93039 x 102, assuming rounding to nearest. Note that the last two
digits of y have no effect on the result. With an even smaller exponent, y could have
had no effect at all on the result. Similarly, floating-point multiplication gives the result
x *y = 1.22326 x 102, which discards half of the digits of the true product.

Division of two floating-point numbers may also give a result that cannot be represented
exactly. For example, 1 and 10 are both exactly representable as binary floating-point
numbers, but their quotient, 1/10, has a nonterminating binary expansion and thus is not
a binary floating-point number.

In each of the cases just cited, the result of a floating-point arithmetic operation may
differ from the result that would be given by the corresponding real arithmetic operation
on the same operands because there is insufficient precision to represent the correct real
result. The real result may also be unrepresentable because its exponent is beyond the
range available in the floating-point system (overflow or underflow). Overflow is usually
a more serious problem than underflow in the sense that there is no good approximation
in a floating-point system to arbitrarily large numbers, whereas zero is often a reasonable
approximation for arbitrarily small numbers. For this reason, on many computer systems
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the occurrence of an overflow aborts the program with a fatal error, but an underflow may
be silently set to zero without disrupting execution.

Example 1.8 Summing a Series. As an illustration of these issues, the infinite series

o0

1
> 5
n=1

has a finite sum in floating-point arithmetic even though the real series is divergent. At first
blush, one might think that this result occurs because 1/n will eventually underflow, or the
partial sum will eventually overflow, as indeed they must. But before either of these occurs,
the partial sum ceases to change once 1/n becomes negligible relative to the partial sum,
i.e., when 1/n < emacn > or—1(1/k), and thus the sum is finite (see Computer Problem 1.8).

As we have noted, a real arithmetic operation on two floating-point numbers does not
necessarily result in another floating-point number. If a number that is not exactly rep-
resentable as a floating-point number is entered into the computer or is produced by a
subsequent arithmetic operation, then it must be rounded (using one of the rounding rules
given earlier) to obtain a floating-point number. Because floating-point numbers are not
equally spaced, the absolute error made in such an approximation is not uniform, but the
relative error is bounded by the unit roundoff €;,qp.

Ideally, x flop y = fl(z op y) (i.e., floating-point arithmetic operations produce correctly
rounded results); and many computers, such as those meeting the IEEE floating-point
standard, achieve this ideal as long as x op y is within the range of the floating-point system.
Nevertheless, some familiar laws of real arithmetic are not necessarily valid in a floating-
point system. In particular, floating-point addition and multiplication are commutative but
not associative. For example, if € is a positive floating-point number slightly smaller than
the unit roundoff €, then (1+€)+e=1,but 1+ (e +¢€) > 1.

The failure of floating-point arithmetic to satisfy the normal laws of real arithmetic is
one reason that forward error analysis can be difficult. One advantage of backward error
analysis is that it permits the use of real arithmetic in the analysis.

1.3.9 Cancellation

Rounding is not the only necessary evil in finite-precision arithmetic. Subtraction between
two t-digit numbers having the same sign and similar magnitudes yields a result with fewer
than t significant digits, and hence it is always exactly representable (provided the two
numbers involved do not differ in magnitude by more than a factor of two). The reason
is that the leading digits of the two numbers cancel (i.e., their difference is zero). For
example, again taking 3 = 10 and t = 6, if x = 1.92403 x 102 and z = 1.92275 x 102, then
we obtain the result  — z = 1.28000 x 10~!, which, with only three significant digits, is
exactly representable.

Despite the exactness of the result, however, such cancellation nevertheless often implies
a serious loss of information. The problem is that the operands are often uncertain, owing
to rounding or other previous errors, in which case the relative uncertainty in the difference
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may be large. In effect, if two nearly equal numbers are accurate only to within rounding
error, then taking their difference leaves only rounding error as a result.

As a simple example, if € is a positive number slightly smaller than the unit roundoff
€mach, then (14+¢€) — (1 —¢) =1—1 = 0 in floating-point arithmetic, which is correct for the
actual operands of the final subtraction, but the true result of the overall computation, 2e,
has been completely lost. The subtraction itself is not at fault: it merely signals the loss of
information that had already occurred.

Of course, the loss of information is not always complete, but the fact remains that the
digits lost to cancellation are the most significant, leading digits, whereas the digits lost in
rounding are the least significant, trailing digits. Because of this effect, computing a small
quantity as a difference of large quantities is generally a bad idea, for rounding error is likely
to dominate the result. For example, summing an alternating series, such as

2 3
e =ltud ot

for x < 0, may give disastrous results because of catastrophic cancellation (see Computer
Problem 1.9).

Example 1.9 Cancellation. Cancellation is not an issue only in computer arithmetic;
it may also affect any situation in which limited precision is attainable, such as empirical
measurements or laboratory experiments. For example, determining the distance from Man-
hattan to Staten Island by using their respective distances from Los Angeles will produce a
very poor result unless the latter distances are known with extraordinarily high accuracy.

As another example, for many years physicists have been trying to compute the total
energy of the helium atom from first principles using Monte Carlo techniques. The accuracy
of these computations is determined largely by the number of random trials used. As
faster computers become available and computational techniques are refined, the attainable
accuracy improves. The total energy is the sum of the kinetic energy and the potential
energy, which are computed separately and have opposite signs. Thus, the total energy
is computed as a difference and suffers cancellation. Table 1.2 gives a sequence of values
obtained over a number of years (these data were kindly provided by Dr. Robert Panoff).
During this span the computed values for the kinetic and potential energies changed by only
6 percent or less, yet the resulting estimate for the total energy changed by 144 percent.
The one or two significant digits in the earlier computations were completely lost in the
subsequent subtraction.

Table 1.2: Computed values for the total energy of the helium atom
Year Kinetic Potential Total

1971 13.0 —14.0 —-1.0

1977 12.76 —14.02 —1.26
1980 12.22 —14.35 —2.13
1985 12.28 —14.65 —2.37

1988 12.40 —14.84 —2.44
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Example 1.10 Quadratic Formula. Cancellation and other numerical difficulties need
not involve a long series of computations. For example, use of the standard formula for the
roots of a quadratic equation is fraught with numerical pitfalls. As every schoolchild learns,
the two solutions of the quadratic equation

ar’ +bx+c=0

are given by
_ —bE Vb —dac
T = 5 :
For some values of the coefficients, naive use of this formula in floating-point arithmetic can
produce overflow, underflow, or catastrophic cancellation.

For example, if the coefficients are very large or very small, then b or 4ac may overflow
or underflow. The possibility of overflow can be avoided by rescaling the coefficients, such
as dividing all three coefficients by the coefficient of largest magnitude. Such a rescaling
does not change the roots of the quadratic equation, but now the largest coefficient is 1
and overflow cannot occur in computing b? or 4ac. Such rescaling does not eliminate the
possibility of underflow, but it does prevent needless underflow, which could otherwise occur
when all three coefficients are very small.

Cancellation between —b and the square root can be avoided by computing one of the
roots using the alternative formula

2c
T = ,
—bF Vb2 — dac

which has the opposite sign pattern from that of the standard formula. But cancellation
inside the square root cannot be easily avoided without using higher precision (if the dis-
criminant is small relative to the coefficients, then the two roots are close to each other,
and the problem is inherently ill-conditioned).

As an illustration, we use four-digit decimal arithmetic, with rounding to nearest, to
compute the roots of the quadratic equation having coefficients ¢ = 0.05010, b = —98.78,
and ¢ = 5.015. For comparison, the correct roots, rounded to ten significant digits, are

1971.605916 and 0.05077069387.
Computing the discriminant in four-digit arithmetic produces
b? — dac = 9757 — 1.005 = 9756,

so that

\/b? — 4ac = 98.77.

The standard quadratic formula then gives the roots
98.78 £ 98.77
0.1002

The first root is the correctly rounded four-digit result, but the other root is completely
wrong, with an error of about 100 percent. The culprit is cancellation, not in the sense

=1972 and 0.0998.
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that the final subtraction is wrong (indeed it is exactly correct), but in the sense that
cancellation of the leading digits has left nothing remaining but previous rounding errors.
The alternative quadratic formula gives the roots

10.03

2% _ 1003 and  0.05077.
98.78 T 98.77 at

Once again we have obtained one fully accurate root and one completely erroneous root,
but in each case it is the opposite root from the one obtained previously. Cancellation
is again the explanation, but the different sign pattern causes the opposite root to be
contaminated. In general, for computing each root we should choose whichever formula
avoids this cancellation, depending on the sign of b.

Example 1.11 Finite Difference Approximation. Consider the finite difference ap-
proximation to the first derivative

fl+h) - f(z)
. :

We want h to be small so that the approximation will be accurate, but if A is too small,
then fl(z + h) may not differ from fi(z). Even if fi(x + h) # fl(z), we might still have
A(f(z+ h)) =14(f(z)) if f is slowly varying. In any case, we can expect some cancellation
in computing the difference f(x 4+ h) — f(x). Thus, there is a trade-off between truncation
error and rounding error in choosing the size of h.

If the relative error in the function values is bounded by ¢, then the rounding error in
the approximate derivative value is bounded by 2¢|f(z)|/h. The Taylor series expansion

fl(z) =

flx+h) = f(x)+ f(@)h+ f(x)h?/2 + - -

gives an estimate of Mh/2 for the truncation error, where M is a bound for |f”(x)|. The
total error is therefore bounded by

2¢|f(x)]  Mh

h 2

h = 2y/elf(@)]/M.

If we assume that the function values are accurate to machine precision and that f and f”
have roughly the same magnitude, then we obtain the rule of thumb that it is usually best
to perturb about half the digits of z by taking

h & \/€mach - |Z|.

A typical example is shown in Fig. 1.4, where the error in the finite difference approxi-
mation for a particular function is plotted as a function of the stepsize h. This computation
was done in IEEE single precision with x = 1, and the error indeed reaches a minimum
at h = \/€mach. The error increases for smaller values of h because of rounding error, and
increases for larger values of h because of truncation error.

which is minimized when
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The rounding error can be reduced by working with higher-precision arithmetic. Trunca-
tion error can be reduced by using a more accurate formula, such as the centered difference
approximation (see Section 8.7.1)

[+~ fw—h)

/@)~ o

100 -

107" 7

1072

error

10—3 _
1074

1075 I \ \ \ \ \ \
10-710-%10~°10~*10—310~210~1 10°

stepsize h

Figure 1.4: Error in finite difference approximation as a function of stepsize.

Example 1.12 Standard Deviation. The mean of a finite sequence of real values x;,
i=1,...,n, is defined by

Use of these formulas requires two passes through the data: one to compute the mean and
another to compute the standard deviation. For better efficiency, it is tempting to use the
mathematically equivalent formula

. n 1/2
_ 2 -2

to compute the standard deviation, since both the sum and the sum of squares can be
computed in a single pass through the data.

Unfortunately, the single cancellation at the end of the one-pass formula is often much
more damaging numerically than all of the cancellations in the two-pass formula combined.
The problem is that the two quantities being subtracted in the one-pass formula are apt to
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be relatively large and nearly equal, and hence the relative error in the difference may be
large (indeed, the result can even be negative, causing the square root to fail).

Example 1.13 Computing Residuals. Assessing the accuracy of a computation is often
difficult if one uses only the same precision as that of the computation itself. Perhaps this
observation should not be surprising: if we knew the actual error, we could have used it to
obtain a more accurate result in the first place.

As a simple example, suppose we are solving the scalar linear equation ax = b for the
unknown z, and we have obtained an approximate solution Z. As one measure of the quality
of our answer, we wish to compute the residual r = b — az. In floating-point arithmetic,

axg®=az(l4+d)
for some 61 < €mach. SO

b—qa(axgz) = [b—az(l+)](1+3d)
[r — d1az](1 + d2)

= r+dr — 61al — 61020
r + dor — 010.

Q

But 610 may be as large as €nacnb, which may be as large as r. Thus, higher precision may
be required to enable a meaningful computation of the residual 7.

1.4 Mathematical Software

This book covers a wide range of topics in numerical analysis and scientific computing. We
will discuss the essential aspects of each topic but will not have the luxury of examining any
topic in great detail. To be able to solve interesting computational problems, we will often
rely on mathematical software written by professionals. Leaving the algorithmic details to
such software will allow us to focus on proper problem formulation and interpretation of
results. We will consider only the most fundamental algorithms for each type of problem,
motivated primarily by the insight to be gained into choosing an appropriate method and
using it wisely. Our primary goal is to become intelligent users, rather than creators, of
mathematical software.

Before citing some specific sources of good mathematical software, let us summarize
the desirable characteristics that such software should possess, in no particular order of
importance:

e Reliability: always works correctly for easy problems

e Robustness: usually works for hard problems, but fails gracefully and informatively
when it does fail

e Accuracy: produces results as accurate as warranted by the problem and input data,
preferably with an estimate of the accuracy achieved
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Efficiency: requires execution time and storage that are close to the minimum possible
for the problem being solved

Maintainability: is easy to understand and modify

Portability: adapts with little or no change to new computing environments
Usability: has a convenient and well-documented user interface

Applicability: solves a broad range of problems

Obviously, these properties often conflict, and it is rare software indeed that satisfies all of
them. Nevertheless, this list gives mathematical software users some idea what qualities to
look for and developers some worthy goals to strive for.

1.4.1 Mathematical Software Libraries

Several widely available sources of general-purpose mathematical software are listed here.
The software listed is written in Fortran unless otherwise noted. At the end of each chapter
of this book, specific routines are listed for given types of problems, both from these general
libraries and from more specialized packages. For additional information about available
mathematical software, see the URL http://gams.nist.gov on the Internet’s World-Wide
Web.

e FMM: A collection of software accompanying the book Computer Methods for Mathematical
Computations, by Forsythe, Malcolm, and Moler [82]. Available from netlib (see below).

e HSL (Harwell Subroutine Library): A collection of software developed at Harwell Labo-
ratory in England. See URL http://www.cse.clrc.ac.uk/Activity/HSL.

e IMSL (International Mathematical and Statistical Libraries): A commercial product of
Visual Numerics Inc., Houston, Texas. A comprehensive library of mathematical soft-
ware; the full library is available in Fortran, and a subset is available in C. See URL
http://www.vni.com.

e KMN: A collection of software accompanying the book Numerical Methods and Software,
by Kahaner, Moler, and Nash [142].

e NAG (Numerical Algorithms Group): A commercial product of NAG Inc., Downers Grove,
Illinois. A comprehensive library of mathematical software; the full library is available in
Fortran, and a subset is available in C. See URL http://www.nag. com.

e NAPACK: A collection of software designed to complement the book Applied Numerical
Linear Algebra, by Hager [116]. In addition to linear algebra, also contains routines for
nonlinear equations, unconstrained optimization, and fast Fourier transforms. Available
from netlib.

e netlib: A collection of free software from diverse sources available over the Internet.
See URL http://www.netlib.org, or send email containing the request “send index” to
netlib@ornl.gov, or ftp to one of several mirror sites, such as netlib.bell-labs.com
or netlib2.cs.utk.edu.

e NR (Numerical Recipes): A collection of software accompanying the book Numerical
Recipes, by Press, Teukolsky, Vetterling, and Flannery [205]. Available in C and Fortran
editions.

e NUMAL: A collection of software developed at the Mathematisch Centrum, Amsterdam.
Also available in Algol and Fortran, but most readily available in C from the book A
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Numerical Library in C for Scientists and Engineers, by Lau [162].

e PORT: A collection of software developed at Bell Laboratories. Some portions are available
from netlib, but other portions must be obtained commercially and licensed for use. See
the port directory in netlib for further information.

e SLATEC: A collection of software compiled by a consortium of U.S. government laborato-
ries. Available from netlib.

e SOL: A collection of software for optimization and related problems from the Systems
Optimization Laboratory at Stanford University. For further information, see URL
http://www.stanford.edu/ saunders/brochure/brochure.html.

e TOMS: A collection of software appearing in ACM Transactions on Mathematical Software
(formerly Collected Algorithms of the ACM). Available from netlib. The algorithms are
identified by number (in order of appearance) as well as by name.

1.4.2 Scientific Computing Environments

The software libraries just listed contain subroutines that are meant to be called by user-
written programs, usually in a conventional programming language such as Fortran or C.
An increasingly popular alternative for scientific computing is interactive environments that
provide powerful, conveniently accessible, built-in mathematical capabilities, often com-
bined with sophisticated graphics and a very high-level programming language designed for
rapid prototyping of new algorithms.

One of the most widely used such computing environments is MATLAB, which is a propri-
etary commercial product of The MathWorks, Inc. (see URL http://www.mathworks.com).
MATLAB, which stands for MATrix LABoratory, is an interactive system that integrates ex-
tensive mathematical capabilities, especially in linear algebra, with powerful scientific vi-
sualization, a high-level programming language, and a variety of optional “toolboxes” that
provide specialized capabilities in particular applications, such as signal processing, im-
age processing, control, system identification, optimization, and statistics. There is also
a MATLAB interface for the NAG mathematical software library mentioned in Section 1.4.1.
MATLAB is available for a wide variety of personal computers, workstations, and supercom-
puters, and comes in both professional and inexpensive student editions. If MATLAB is not
available on your computer system, there are similar, though less powerful, packages that
are freely available by ftp, including octave (http://www.che.wisc.edu/octave), RLaB
(http://rlab.sourceforge.net), and Scilab (http://www-rocq.inria.fr/scilab). Other
similar commercial products include GAUSS, HiQ, IDL, Mathcad, and PV-WAVE.

Another family of interactive computing environments is based primarily on symbolic
(rather than numeric) computation, often called computer algebra. These packages, which
include Axiom, Derive, Macsyma, Maple, Mathematica, MuPAD, Reduce, and Scratchpad,
provide many of the same mathematical and graphical capabilities, and in addition provide
symbolic differentiation, integration, equation solving, polynomial manipulation, and the
like, as well as arbitrary precision arithmetic.

Because MATLAB is probably the most widely used of these environments for the types
of problems discussed in this book, specific MATLAB functions, either from the basic envi-
ronment or from the supplementary toolboxes, are mentioned in the summaries of available
software for each problem category, along with software from the major conventional soft-
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ware libraries. Note that MATLAB has recently added symbolic computation to its capabilities
via a “symbolic math” toolbox based on Maple.

1.4.3 Practical Advice on Software

This section contains some practical advice on obtaining and using the software mentioned
throughout the book, especially for the purpose of programming assignments based on the
computer problems at the end of each chapter. The computer problems do not depend on
any particular software or programming language, and thus many options are available. The
best choice in a given case will depend on the user’s experience, resources, and objectives.

The software cited comes from a variety of sources, including large commercial libraries
such as IMSL and NAG, public repositories of free software such as netlib, and scientific
computing environments such as MATLAB. Many academic and industrial computing centers
and workstation laboratories will have a representative sample of such software already
installed and available for use. In any case, ample software is available free via the Internet
or at nominal cost from other sources (e.g., accompanying textbooks) for all of the computer
problems in this book. Locating, downloading, and installing suitable software is useful real-
world experience, and the skills learned in doing so are an important practical adjunct to
the other skills taught in this book.

Perhaps the most important choice is that of a programming language. Fortran is the
traditional language of scientific computing, and the overwhelming majority of existing
software libraries and applications codes are in Fortran, although C is catching up fast with
respect to available resources. In working with this book, the Fortran user will benefit from
the widest variety of available software and from compatibility with the preponderance of
existing application codes. In addition, since Fortran is a relatively restrictive language and
compilers for it have had the benefit of many years of tuning, Fortran produces somewhat
more efficient executable code on some computer systems.

C is a more versatile and expressive language than Fortran, and currently C is probably
the language most commonly taught in beginning programming courses. C also has the
advantage of being freely available (or at nominal cost) on almost any computer system,
whereas Fortran may be unavailable or considerably more expensive in some cases. C has
long been used as a primary language for systems programming, but more recently it has
become increasingly popular for scientific programming as well. If you desire to use C
with this book, there should be plenty of software available. For example, both major
commercial libraries, IMSL and NAG, have substantial subsets available in C, and the NR and
NUMAL libraries are also available in C at nominal cost (see Section 1.4.1).

In addition, on many computer systems it is fairly straightforward to call Fortran rou-
tines from C programs. The main differences to watch out for are that the routine names
may be slightly modified (often with an underscore before and/or after the usual name), all
arguments to Fortran subroutines should be passed by address (i.e., as pointers in C), and
C and Fortran have opposite array storage conventions (C matrices are stored row-wise,
Fortran matrices are stored column-wise). Finally, one can automatically convert Fortran
source code directly into C using the f2c converter that is available free from Bell Labora-
tories or from netlib, so that Fortran routines obtained via the Internet, for example, can
easily be used with C programs.
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A third choice of programming language that should be seriously considered is an inter-
active scientific computing environment, such as MATLAB. The user of such an environment
will enjoy several benefits. User programs will generally be much shorter, because of the
elimination of declarations, storage management, and many explicit loops. In addition, these
environments often have built-in functions for many of the problems we will encounter, which
greatly simplifies the interface with such routines because much of the necessary information
(array sizes, etc.) is passed implicitly by the environment. An additional bonus is built-in
graphics, which avoids having to do this separately in a postprocessing phase. Even if you
intend to use a standard language such as C or Fortran in the long run, you may still find it
beneficial to learn a package such as MATLAB for its usefulness as a rapid prototyping envi-
ronment in which new algorithms can be tried out quickly then later recoded in a standard
language, if necessary, for greater efficiency or compatibility. If you wish to learn MATLAB, in
addition to the superb tutorial and reference documentation that comes with it you might
also find one of the many books on MATLAB useful (see [18, 71, 120, 200, 204, 206, 229]).

Some of the computer problems in the book call for graphical output. Depending on
your computing environment, several options are available for producing the required plots.
In a Unix environment, simple plots can be made using the graph and plot commands (see
the corresponding man pages). In X-Windows, simple plots can be made on the screen with
the xgraph tool, and then hard copies can be made using the xwd and xpr utilities, or their
equivalents. Somewhat more sophisticated graphs can be made using free packages such as
gnuplot (available by ftp from ftp.dartmouth.edu/pub/gnuplot) or plplot (available
by ftp from dino.ph.utexas.edu/plplot), which are available for Unix and several other
operating systems. Much more sophisticated and powerful scientific visualization systems
are also available, but their capabilities go well beyond the simple plots needed for the
problems in this book. If you use a PC or Mac, dozens of graphics programs are available,
far too many to mention individually. Again, note that MATLAB and similar environments
have built-in graphics, which is a great convenience.

Another important programming consideration is performance. The performance of
today’s microprocessor-based computer systems often depends critically on judicious ex-
ploitation of a memory hierarchy (registers, cache, RAM, disk, etc.) both by the user and
by the optimizing compiler. Thus, it is important not only to choose the right algorithm
but also to implement it carefully to maximize the reuse of data while they are held in the
portions of the memory hierarchy with faster access times. Fortunately, the details of such
programming are usually hidden from the user inside the library routines recommended
in this text. This feature is just one of the many benefits of using existing, professionally
written software for scientific computing whenever possible.

If you use a scientific computing environment such as MATLAB, you should be aware
that there may be significant differences in performance between the built-in operations,
which are generally very fast, and those you program explicitly yourself, which tend to
be much slower owing to the interpreted mode of operation and to memory management
overhead. Thus, one should be very careful in making performance comparisons under
these circumstances. For example, one algorithm may be inferior to another in principle,
yet perform better because of more effective utilization of fast built-in operations.

For general advice on many practical aspects of using workstations, Unix, X-Windows,
graphics, and many other packages of interest in scientific computing, as well as performance
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considerations in programming, see [67, 85, 157].

1.5 Historical Notes and Further Reading

The subject we now call numerical analysis or scientific computing vastly predates the
advent of modern computers. Most of the concepts and many of the algorithms that are
in use today were first formulated by pre-twentieth century giants—Newton, Gauss, Euler,
Jacobi, and many others—whose names recur throughout this book. The main concern
then, as it is now, was finding efficient methods for obtaining approximate solutions to
mathematical problems that arose in physics, astronomy, surveying, and other disciplines.
Indeed, efficient use of computational resources is even more critical when using pencil,
paper, and brain power (or perhaps a hand calculator) than when using a modern high-
speed computer.

For the most part, modern computers have simply increased the size of problems that
are feasible to tackle. They have also necessitated more careful analysis and control of
rounding error, for the computation is no longer done by a human who can easily carry
additional precision as needed. There is no question, however, that the development of
digital computers was the impetus for the flowering of numerical analysis into the fertile
and vigorously growing field that has enabled the ubiquitous role computation now plays
throughout modern science and engineering. Indeed, computation has come to be regarded
as an equal and indispensable partner, along with theory and experiment, in the advance
of scientific knowledge and engineering practice [145].

For an account of the early history of numerical analysis, see [100]; for the more recent
development of scientific computing, see [188]. The literature of numerical analysis, from
textbooks to research monographs and journals, is much too vast to be covered adequately
here. This text will try to give appropriate credit for the major ideas presented (at least
those not already obvious from the name) and cite (usually secondary) sources for further
reading, but these citations and recommendations are by no means complete. There are
too many excellent general textbooks on numerical analysis to mention them all, but many
of these still make worthwhile reading (even some of the older ones, several of which have
recently been reissued in inexpensive reprint editions). Only those of most direct relevance
to our discussion will be cited.

Most numerical analysis textbooks contain a general discussion of error analysis. The
seminal reference on the analysis of rounding errors is [274], which is a treasure trove of
valuable insights. Its author, James H. Wilkinson, played a major role in developing and
popularizing the notion of backward error analysis and was also responsible for a number
of famous “computational counterexamples” that reveal various numerical instabilities in
unsuspected problems and algorithms. A more recent work in a similar spirit is [126]. For
various approaches to automating error analysis, see [5, 175, 180]. A MATLAB toolbox for
error analysis is discussed in [36].

Recent general treatments of computer arithmetic include [152, 193]. The book by Ster-
benz [237], though somewhat dated, remains the only book-length treatment of floating-
point arithmetic. See [150] for a more concise account. The effort to standardize floating-
point arithmetic and the high quality of the resulting standard were largely inspired by
William Kahan, who is also responsible for many well known computational counterex-
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amples. The IEEE floating-point standard can be found in [131]. A useful tutorial on
floating-point arithmetic and the IEEE standard is [97]. Although it is no substitute for
careful problem formulation and solution, extended precision arithmetic can occasionally be
useful for highly sensitive problems; several software packages providing multiple precision
floating-point arithmetic are available, including MP (#524), FM(#693), and MPFUN (#719)
from TOMS.

For an account of the emergence of mathematical software as a subdiscipline of numerical
analysis and computer science, see the survey [41] and the collections [44, 73, 122, 134,
209, 210]. Perhaps the earliest numerical methods textbook to be based on professional
quality software (not just code fragments for illustration) was [225], which is similar in tone,
style, and content to the very influential book by Forsythe, Malcolm and Moler [82] that
popularized this approach. In addition to the books mentioned in Section 1.4.1, the following
numerical methods textbooks focus on the specific software libraries or packages listed:
IMSL [211], NAG [128, 151], MATLAB [165, 187, 262], and Mathematica [231]. Other textbooks
that provide additional discussion and examples at an introductory level include [11, 29,
30, 38, 43, 94, 173, 240]. More advanced general textbooks include [47, 59, 103, 118, 132,
149, 195, 222, 242]. The books of Acton [2, 3] entertainingly present practical advice on
avoiding pitfalls in numerical computation.

The book of Strang [243] provides excellent background and insights on many aspects
of applied mathematics that are relevant to numerical computation in general, and in par-
ticular to almost every chapter of this book. For an elementary introduction to scientific
programming, see [261]. For advice on designing, implementing, and testing numerical soft-
ware, as opposed to simply using it, see [174]. Additional computer exercises and projects
can be found in [45, 72, 85, 89, 107, 109, 158].

Review Questions

1.1 True or false: A problem is ill- on them will also be representable as a floating-
conditioned if its solution is highly sensitive point number.

to small changes in the problem data. ) ]
1.7 True or false: Floating-point numbers

1.2 True or false: Using higher-precision are distributed uniformly throughout their
arithmetic will make an ill-conditioned prob- range.

lem better conditioned.
1.8 True or false: Floating-point addition is

1.3 True or false: The conditioning of a associative but not commutative.
problem depends on the algorithm used to
solve it. 1.9 True or false: In a floating-point num-
) ) ber system, the underflow level is the smallest
1.4 True or false: A good algorithm will pro- positive number that perturbs the number 1
duce an accurate solution regardless of the con- when added to it.

dition of the problem being solved.
1.10 Explain the distinction between trunca-

1.5 True or false: The choice of algorithm for tion (or discretization) and rounding.

solving a problem has no effect on the propa-
gated data error. 1.11 Explain the distinction between absolute

error and relative error.
1.6 True or false: If two real numbers are ex-

actly representable as floating-point numbers, 1.12 Explain the distinction between compu-
then the result of a real arithmetic operation tational error and propagated data error.
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1.13 (a) What is meant by the conditioning
of a problem?

(b) Is it affected by the algorithm used to solve
the problem?

(¢) Is it affected by the precision of the arith-
metic used to solve the problem?

1.14 If a computational problem has a condi-
tion number of 1, is this good or bad? Why?

1.15 When is an approximate solution to a
given problem considered to be good accord-
ing to backward error analysis?

1.16 For a given floating-point number sys-
tem, describe in words the distribution of ma-
chine numbers along the real line.

1.17 In floating-point arithmetic, which is
generally more harmful, underflow or over-

flow? Why?

1.18 In floating-point arithmetic, which of the
following operations on two positive floating-
point operands can produce an overflow?

(a) Addition

(b) Subtraction

(¢) Multiplication

(d) Division

1.19 In floating-point arithmetic, which of the
following operations on two positive floating-
point operands can produce an underflow?
(a) Addition

(b) Subtraction

(¢) Multiplication

(d) Division

1.20 List two reasons why floating-point num-
ber systems are usually normalized.

1.21 In a floating-point system, what quan-
tity determines the maximum relative error in
representing a given real number by a machine
number?

1.22 (a) Explain the difference between the
rounding rules “round toward zero” and
“round to nearest” in a floating-point system.
(b) Which of these two rounding rules is more
accurate?

(¢) What quantitative difference does this
make in the unit roundoff €017
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1.23 In a t-digit binary floating-point system
with rounding to nearest, what is the value of
the unit roundoff €, 4017

1.24 In a floating-point system with gradual
underflow (subnormal numbers), is the repre-
sentation of each number still unique? Why?

1.25 In a floating-point system, is the product
of two machine numbers usually exactly repre-
sentable in the floating-point system? Why?

1.26 In a floating-point system, is the quo-
tient of two nonzero machine numbers always
exactly representable in the floating-point sys-
tem? Why?

1.27 (a) Give an example to show that
floating-point addition is not necessarily asso-
ciative.

(b) Give an example to show that floating-
point multiplication is not necessarily associa-
tive.

1.28 Give an example of a number whose dec-
imal representation is finite (i.e., it has only a
finite number of nonzero digits) but whose bi-
nary representation is not.

1.29 Give examples of floating-point arith-
metic operations that would produce each of
the exceptional values Inf and NaN.

1.30 Explain why the cancellation that occurs
when two numbers of similar magnitude are
subtracted is often bad even though the result
may be exactly correct for the actual operands
involved.

1.31 Assume a decimal (base 10) floating-
point system having machine precision
€mach = 107° and an exponent range of +20.
What is the result of each of the following
floating-point arithmetic operations?

a) 1+1077

b) 1+ 10°

¢) 14107

d) 10'° + 103

e) 101°/1015
)

(
(
(
(
(
(f) 10719 x 10715



Exercises

1.32 In a floating-point number system hav-
ing an underflow level of UFL = 10738, which
of the following computations will incur an un-
derflow?

(a) a = Vb2 +c2, withb=1, c=10"2,

(b) a = Vb2 + 2, with b = ¢ = 1072°.

(¢) u = (vxw)/(yxz), with v = 10717,
w=107%, 4y =1072° and z = 10725,

In each case where underflow occurs, is it rea-

sonable simply to set to zero the quantity that
underflows?

1.33 (a) Explain in words the difference be-
tween the unit roundoff, €,cn, and the under-
flow level, UFL, in a floating-point system.
Of these two quantities,

(b) Which one depends only on the number of
digits in the mantissa field?

(¢) Which one depends only on the number of
digits in the exponent field?

(d) Which one does not depend on the round-
ing rule used?

(e) Which one is not affected by allowing sub-
normal numbers?

1.34 Let 21 be a monotonically decreasing, fi-
nite sequence of positive numbers (i.e., xj >
xg+1 for each k). Assuming it is practical to
take the numbers in any order we choose, in
what order should the sequence be summed to
minimize rounding error?

1.35 Is cancellation an example of rounding
error? Why?

1.36 (a) Explain why a divergent infinite se-

ries, such as
o0
n=1

can have a finite sum in floating-point arith-
metic.

)

S|

(b) At what point will the partial sums cease
to change?
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1.37 In floating-point arithmetic, if you are
computing the sum of a convergent infinite se-

ries
o0
i=1

of positive terms in the natural order, what
stopping criterion would you use to attain the
maximum possible accuracy using the smallest
number of terms?

1.38 Explain why an alternating infinite se-
ries, such as
2 3
@ _ T
ef=1+xz+ o] + 30 +
for x < 0, is difficult to evaluate accurately in
floating-point arithmetic.

1.39 If f is a real-valued function of a real
variable, the truncation error of the finite dif-
ference approximation to the derivative

f’(a:) ~ f(m"f'h]z_f(x)

goes to zero as h — 0. If we use floating-
point arithmetic, list two factors that limit
how small a value of h we can use in practice.

1.40 For computing the midpoint m of an in-
terval [z, y|, which of the following two formu-
las is preferable in floating-point arithmetic?
Why?

(a) m = (& +y)/2.0
(b)ym=z+ (y—=x)/2.0

1.41 List at least two ways in which evalua-
tion of the quadratic formula

. —b+ vb% — dac
- 2a

may suffer numerical difficulties in floating-
point arithmetic.

1.1 The average normal human body tem-
perature is usually quoted as 98.6 degrees
Fahrenheit, which might be presumed to have
been determined by computing the average

over a large population and then rounding to
three significant digits. In fact, however, 98.6
is simply the Fahrenheit equivalent of 37 de-
grees Celsius, which is accurate to only two
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significant digits.
(a) What is the maximum relative error in
the accepted value, assuming it is accurate to
within £0.05° F?
(b) What is the maximum relative error in

the accepted value, assuming it is accurate to
within +0.5° C?

1.2 What are the approximate absolute and
relative errors in approximating m by each of
the following quantities?

(a) 3
(b) 3.14
(¢) 22/7

1.3 If a is an approximate value for a quan-
tity whose true value is ¢, and a has relative er-
ror r, prove from the definitions of these terms
that a = t(1 4+ r).

1.4 Consider the problem of evaluating the
function sin(z), in particular, the propagated
data error, i.e., the error in the function value
due to a perturbation h in the argument z.

(a) Estimate the absolute error in evaluating
sin(x).

(b) Estimate the relative error in evaluating
sin(z).

(¢) Estimate the condition number for this
problem.

(d) For what values of the argument x is this
problem highly sensitive?

1.5 Consider the function f:R? — R de-
fined by f(z,y) = x — y. Measuring the size
of the input (z,y) by |z| + |y|, and assuming
that |z| + |y| = 1 and  — y =~ ¢, show that
cond(f) =~ 1/e. What can you conclude about
the sensitivity of subtraction?

1.6 The sine function is given by the infinite
series

1'3 1.5 7

sm(:c):xf§+af o
(a) What are the forward and backward errors
if we approximate the sine function by using
only the first term in the series, i.e., sin(z) ~ z,
for x = 0.1, 0.5, and 1.07

(b) What are the forward and backward er-
rors if we approximate the sine function by
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using the first two terms in the series, i.e.,
sin(z) ~ x — 2%/6, for z = 0.1, 0.5, and 1.0?

1.7 A floating-point number system is char-
acterized by four integers: the base (3, the pre-
cision t, and the lower and upper limits L and
U of the exponent range.

(a) If B = 10, what are the smallest values of ¢
and U, and largest value of L, such that both
2365.27 and 0.0000512 can be represented ez-
actly in a normalized floating-point system?

(b) How would your answer change if the sys-
tem is not normalized, i.e., if gradual under-
flow is allowed?

1.8 In a floating-point system with precision
t = 6 decimal digits, let * = 1.23456 and
y = 1.23579.

(a) How many significant digits does the dif-
ference y — = contain?

(b) If the floating-point system is normalized,
what is the minimum exponent range for which
x, y, and y — x are all exactly representable?

(¢) Is the difference y—x exactly representable,
regardless of exponent range, if gradual under-
flow is allowed? Why?

1.9 (a) Using four-digit decimal arithmetic
and the formula given in Example 1.1, com-
pute the surface area of the Earth, with r =
6370 km.

(b) Using the same formula and precision,
compute the difference in surface area if the
value for the radius is increased by 1 km.

(¢) Since dA/dr = 8nmr, the change in sur-
face area is approximated by 8mrh, where h
is the change in radius. Use this formula, still
with four-digit arithmetic, to compute the dif-
ference in surface area due to an increase of
1 km in radius. How does the value obtained
using this approximate formula compare with
that obtained from the “exact” formula in part
b?

(d) Determine which of the previous two an-
swers is more nearly correct by repeating both
computations using higher precision, say, six-
digit decimal arithmetic.

(e) Explain the results you obtained in parts
a—d.

(f) Try this problem on a computer. How
small must the change h in radius be for the



same phenomenon to occur? Try both single
precision and double precision, if available.

1.10 Consider the expression

1 1
1+ =z

b

1—=x

assuming x # +1.

(a) For what range of values of z is it diffi-
cult to compute this expression accurately in
floating-point arithmetic?

(b) Give a rearrangement of the terms such
that, for the range of = in part a, the compu-
tation is more accurate in floating-point arith-
metic.

1.11 If x = y, then we would expect some
cancellation in computing log(x) — log(y). On
the other hand, log(z)—log(y) = log(x/y), and
the latter involves no cancellation. Does this
mean that computing log(x/y) is likely to give
a better result? (Hint: For what value is the
log function sensitive?)

1.12 (a) Which of the two mathematically
equivalent expressions

z? —y? and

(z —y)(z+y)
can be evaluated more accurately in floating-
point arithmetic? Why?

(b) For what values of  and y, relative to each
other, is there a substantial difference in the
accuracy of the two expressions?

1.13 The Euclidean norm of an n-dimensional
vector x is defined by

" 1/2
]2 = <Z I?) :
i=1

How would you avoid overflow and harmful un-
derflow in this computation?

1.14 Give specific examples to show that
floating-point addition is not associative in
each of the following floating-point systems:

(a) The toy floating-point system of Exam-
ple 1.5

(b) IEEE single-precision floating-point arith-
metic
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1.15 Explain how the various definitions for
the unit roundoff €, given in Section 1.3.5
can differ in practice. (Hint: Consider the toy
floating-point system of Example 1.5.)

1.16 Let x be a given nonzero floating-point
number in a normalized system, and let y be an
adjacent floating-point number, also nonzero.

(@) What is the minimum possible spacing be-
tween x and y?

(b) What is the maximum possible spacing be-
tween x and y?

1.17 How many normalized machine numbers
are there in a single-precision IEEE floating-
point system? How many additional machine
numbers are gained if subnormals are allowed?

1.18 In a single-precision IEEE floating-point
system, what are the values of the largest ma-
chine number, OFL, and the smallest posi-
tive normalized machine number, UFL? How
do your answers change if subnormals are al-
lowed?

1.19 What is the IEEE single-precision bi-
nary floating-point representation of the deci-
mal fraction 0.1

(a) with chopping?

(b) with rounding to nearest?

1.20 (a) In a floating-point system, is the unit
roundoff €, .., necessarily a machine number?

(b) Is it possible to have a floating-point sys-
tem in which ey, < UFL? If so, give an
example.

1.21 Assume that you are solving the
quadratic equation az? + bz + ¢ = 0, with
a = 122, b = 3.34, and ¢ = 2.28, using a
normalized floating-point system with 3 = 10,
t=3.

(@) What is the computed value of the discrim-
inant b2 — 4ac?

(b) What is the correct value of the discrimi-
nant in real (exact) arithmetic?

(¢) What is the relative error in the computed
value of the discriminant?
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1.22 Assume a normalized floating-point sys-
tem with =10, ¢ =3, and L = —98.

(a) What is the value of the underflow level
UFL for this system?

(b) If x = 6.87 x 1077 and y = 6.81 x 10797,
what is the result of z — y?

(¢) What would be the result of z — y if the
system permitted gradual underflow?

1.23 Consider the following claim: if two
floating-point numbers x and y with the same
sign differ by a factor of at most the base
(i.e, 1/6 < x/y < ), then their difference,
x — vy, is exactly representable in the floating-
point system. Show that this claim is true for
B = 2, but give a counterexample for g > 2.

1.24 Some microprocessors have an instruc-
tion mpyadd(a,b,c), for multiply-add, which

Computer Problems
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takes single-length inputs and adds c to the
double-length product of a and b before nor-
malizing and returning a single-length result.
How can such an instruction be used to com-
pute double-precision products without using
any double-length variables (i.e., the double-
length product of a and b will be contained in
two single-length variables, say, s and t)?

1.25 Verify that the alternative quadratic for-
mula given in Example 1.10 indeed gives the
correct roots to the quadratic equation (in ex-
act arithmetic).

1.26 Give a detailed explanation of the nu-
merical inferiority of the one-pass formula for
computing the standard deviation compared
with the two-pass formula given in Exam-
ple 1.12.

1.1 Write a program to compute the abso-
lute and relative errors in Stirling’s approxi-
mation

n!~ vV2mn (n/e)"

forn =1,...,10. Does the absolute error grow
or shrink as n increases? Does the relative er-
ror grow or shrink as n increases?

1.2 Write a program to determine approxi-
mate values for the unit roundoff €., and the
underflow level UFL, and test it on a real com-
puter. (Optional: Can you also determine the
overflow level OFL, on your machine? This is
trickier because an actual overflow may be fa-
tal.) Print the resulting values in decimal, and
also try to determine the number of bits in the
mantissa and exponent fields of the floating-
point system you use.

1.3 In most floating-point systems, a quick
approximation to the unit roundoff can be ob-
tained by evaluating the expression

€mach ~ |3* (4/3_ 1) - 1|'

(a) Explain why this trick works.

(b) Try it on a variety of computers (in both
single and double precision) and calculators to
confirm that it works.

(¢) Would this trick work in a floating-point
system with base g = 37

1.4 Write a program to compute the math-
ematical constant e, the base of natural loga-
rithms, from the definition

e= lim (1+1/n)".
n—oo
Specifically, compute (1 + 1/n)" for n = 10*,
k=1,2,...,20. If the programming language
you use does not have an operator for exponen-
tiation, you may use the equivalent formula

(1+1/n)" = exp(nlog(l +1/n)),

where exp and log are built-in functions. De-
termine the error in your successive approxi-
mations by comparing them with the value of
exp(1). Does the error always decrease as n
increases? Explain your results.

1.5 (a) Consider the function
flx) = (" =1)/x.
Use 'Hopital’s rule to show that

lim f(z) = 1.

z—0

(b) Check this result empirically by writing
a program to compute f(z) for z = 107,
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k=1,...,16. Do your results agree with the-
oretical expectations? Explain why.

(¢) Perform the experiment in part b again,
this time using the mathematically equivalent
formulation

f(x) = (" —1)/log(e”),

evaluated as indicated, with no simplification.
If this works any better, can you explain why?

1.6 Suppose you need to generate m + 1
equally spaced points on the interval [a,b],
with spacing h = (b — a)/n.

(a) In floating-point arithmetic, which of the
following methods,

rg=a, Tx=xr_1+h, k=1,....n
or

zr=a+kh, k=0,...

’n7

is better, and why?

(b) Write a program implementing both meth-
ods and find an example, say, with a = 0 and
b = 1, that illustrates the difference between
them.

1.7 (a) Write a program to compute an ap-
proximate value for the derivative of a function
using the finite-difference formula

o @)~ f@)
() BRI,

Test your program using the function sin(z)
for £ = 1. Determine the error by compar-
ing with the built-in function cos(z). Plot the
magnitude of the error as a function of A, for
h = %,i, é, .... You should use a log scale
for h and for the magnitude of the error. Is
there a minimum value for the magnitude of
the error? How does the corresponding value

for h compare with the rule of thumb
h ~ \/eémach " |2] 7

(b) Repeat the exercise using the centered dif-
ference approximation

fl@+h)— flz—h)
2h '

f'z) ~
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1.8 Consider the infinite series
> !
n=1 n

(a) Prove that the series is divergent. (Hint:
Group the terms in sets containing terms
1/(2*=' +1) down to 1/2% for k =1,2,....)
(b) Explain why summing the series in
floating-point arithmetic yields a finite sum.

(¢) Try to predict when the partial sum will
cease to change in both IEEE single-precision
and double-precision floating-point arithmetic.
Given the execution rate of your computer for
floating-point operations, try to predict how
long each computation would take to complete.

(d) Write two programs to compute the sum of
the series, one in single precision and the other
in double precision. Monitor the progress of
the summation by printing out the index and
partial sum periodically. What stopping cri-
terion should you use? What result is actu-
ally produced on your computer? Compare
your results with your predictions, including
the execution time required. (Caution: Your
single-precision version should terminate fairly
quickly, but your double-precision version may
take much longer, so it may not be practical
to run it to completion, even if your computer
budget is generous.)

1.9 (a) Write a program to compute the ex-
ponential function e” using the infinite series
2 3
z _ LT
€—1+x+2!+3!+ .
(b) Summing in the natural order, what stop-
ping criterion should you use?

(¢) Test your program for
x = +1, 45,410, +15, £20,

and compare your results with the built-in
function exp(x).

(d) Can you use the series in this form to get
accurate results for x < 07 (Hint: e @ =
1/e®.)

(e) Can you rearrange the series or regroup the
terms in any way to get more accurate results
for x < 07
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1.10 Write a program to solve the quadratic
equation az? 4 bz + ¢ = 0 using the standard
quadratic formula

. —b+Vb% — dac
o 2a

or the alternative formula
2c

r=—

—bF Vb% — dac

Your program should accept values for the co-
efficients a, b, and ¢ as input and produce the
two roots of the equation as output. Your pro-
gram should detect when the roots are imagi-
nary, but need not use complex arithmetic ex-
plicitly. You should guard against unnecessary
overflow, underflow, and cancellation. When
should you use each of the two formulas? Try
to make your program robust when given un-
usual input values. Any root that is within
the range of the floating-point system should
be computed accurately, even if the other is
out of range. Test your program using the fol-
lowing values for the coefficients:

a b c
6 ) —4
6 x 1030 5x 1030 —4 x 103
0 1 1
1 —10° 1
1 —4 3.999999
10730 _1030 1030

1.11 A cubic equation
az® +bz® +cx +d =0,

where the coefficients are real and a # 0, has
at least one real root, which can be computed
in closed form as follows. Make the substitu-
tion y = £+b/(3a). Then the original equation
becomes
Yy’ +3py +q =0,
where
3ac — b?
~ 9a?
and

_ 27a%d — 9abc + 2b3
B 27a3
If we now take

o —q+ V/4p® + ¢?
- 2
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and
g 9- V4P + ¢
2 )
then one real root of the original cubic equa-
tion is given by

x = Ja— B

Write a routine using this method in real arith-
metic to compute one real root of an arbitrary
cubic equation given its (real) coefficients. Try
to make your routine as robust as possible,
guarding against unnecessary overflow, under-
flow, and cancellation. What should your rou-
tine do if @ = 07 Test your routine for various
values of the coefficients, analogous to those
used in the previous exercise.

1.12 (a) Write a program to compute the
mean T and standard deviation o of a finite
sequence z;. Your program should accept a
vector & of dimension n as input and produce
the mean and standard deviation of the se-
quence as output. For the standard deviation,
try both the two-pass formula

Lo 1/2
7= [n —1 > (@i— 3—5)21

i=1

and the one-pass formula

) " 1/2
o= ln 7 (me — nf2>]
i=1

and compare the results for an input sequence
of your choice.

(b) Can you devise an input data sequence that
dramatically illustrates the numerical differ-
ence between these two mathematically equiv-
alent formulas? (Caution: Beware of taking
the square root of a negative number.)

1.13 If an amount a is invested at interest rate
r compounded n times per year, then the final
value f at the end of one year is given by

f=all+r/n)"

This is the familiar formula for compound in-
terest. With simple interest, n = 1. Typically,
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compounding is done quarterly, n = 4, or per-
haps even daily, n = 365. Obviously, the more
frequent the compounding, the greater the fi-
nal amount, because more interest is paid on
previous interest. But how much difference
does this frequency actually make? Write a
program that implements the compound in-
terest formula. Test your program using an
initial investment of @ = 100, an interest rate
of 5 percent (i.e., r = 0.05), and the following
values for n: 1, 4, 12, 365, 10,000, and 20,000.
Implement the compound interest formula in
two different ways:

(a) If the programming language you use does
not have an operator for exponentiation (e.g.,
C), then you might implement the compound
interest formula using a loop that repeatedly
multiplies a by (147 /n) for a total of n times.
Even if your programming language does have
an operator for exponentiation (e.g., Fortran),
try implementing the compound interest for-
mula using such a loop and print your results
for the input values. Does the final amount al-
ways grow with the frequency of compounding,
as it should? Can you explain this behavior?

(b) With the functions exp(z) and log(z), the
compound interest formula can also be written

f=aexp(nlog(l+r/n)).

Implement this formula using the correspond-
ing built-in functions and compare your results
with those for the first implementation using
the loop, for the same input values.

1.14 The polynomial (z — 1)% has the value
zero at * = 1 and is positive elsewhere. The
expanded form of the polynomial, 25 — 625 +
1524 — 2023 4+ 1522 — 62 + 1, is mathematically
equivalent but may not give the same results
numerically. Compute and plot the values of
this polynomial, using each of the two forms,
for 101 equally spaced points in the interval
[0.995,1.005], i.e., with a spacing of 0.0001.
Your plot should be scaled so that the values
for x and for the polynomial use the full ranges
of their respective axes. Can you explain this
behavior?

1.15 Write a program that sums n random,
single-precision floating-point numbers z;, uni-
formly distributed on the interval [0,1] (see
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Table 13.1 for an appropriate random num-
ber generator). Sum the numbers in each of
the following ways (use only single-precision
floating-point variables unless specifically in-
dicated otherwise):

(a¢) Sum the numbers in the order in which
they were generated, using a double-precision
variable in which to accumulate the sum.

(b) Sum the numbers in the order in which
they were generated, this time using a single-
precision accumulator.

(¢) Use the following algorithm (due to Ka-
han), again using only single precision, to sum
the numbers in the order in which they were
generated:

S =T

c=0

fori=2ton
y=x;—c¢
t=s+y
c=({t—s)—y
s=1t

end

(d) Sum the numbers in order of increasing
magnitude (this will require that the numbers
be sorted before summing, for which you may
use a library sorting routine).

(e) Sum the numbers in order of decreasing
magnitude (i.e., reverse the order of summa-
tion from part d).

Run your program for various values of n and
compare the results for methods a through e.
You may need to use a fairly large value for
n to see a substantial difference. How do the
methods rank in terms of accuracy, and why?
How do the methods compare in cost? Can
you explain why the algorithm in part ¢ works?

1.16 Write a program to generate the first n
terms in the sequence given by the difference
equation

Tht+1 = 225Ik - 0.5l’k_1,

with starting values

1
T 3 an X9 12
Use n = 225 if you are working in single pre-
cision, n = 60 if you are working in double



COMPUTER PROBLEMS

precision. Make a semilog plot of the values
you obtain as a function of k. The exact solu-
tion of the difference equation is given by
41—k‘
T = 3 )

which decreases monotonically as k increases.
Does your graph confirm this theoretically ex-
pected behavior? Can you explain your re-
sults? (Hint: Find the general solution to the
difference equation.)

1.17 Write a program to generate the first n
terms in the sequence given by the difference
equation:
ZTpt1 = 111 — (1130 — 3000/ 1)/ x,
with starting values
11 61

x1:7 and l’gzﬁ.
Use n = 10 if you are working in single pre-
cision, n = 20 if you are working in double
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precision. The exact solution is a monotoni-
cally increasing sequence converging to 6. Can
you explain your results?

1.18 The Euclidean norm of an n-dimensional
vector « is defined by

n 1/2
|2 = (ng) :
i=1

Implement a robust routine for computing this
quantity for any given input vector . Your
routine should avoid overflow and harmful un-
derflow. Compare both the accuracy and per-
formance of your robust routine with a more
straightforward naive implementation. Can
you devise a vector that produces significantly
different results from the two routines? How
much performance does the robust routine sac-
rifice?
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Chapter 2

Systems of Linear Equations

2.1 Linear Systems

Systems of linear algebraic equations arise in almost every aspect of applied mathematics
and scientific computation. Such systems often occur naturally, but they are also frequently
the result of approximating nonlinear equations by linear equations or differential equations
by algebraic equations. We will see many examples of such approximations throughout
this book. For these reasons, the efficient and accurate solution of linear systems forms the
cornerstone of many numerical methods for solving a wide variety of practical computational
problems.
In matrix-vector notation, a system of linear algebraic equations has the form

Ax = b,

where A is an m X n matrix, b is a given m-vector, and « is the unknown solution n-vector
to be determined. Such a system of equations asks the question, “Can the vector b be
expressed as a linear combination of the columns of the matrix A?” If so, the coefficients
of this linear combination are given by the components of the solution vector . There may
or may not be a solution; and if there is a solution, it may or may not be unique. In this
chapter we will consider only square systems, which means that m = n, i.e., the matrix has
the same number of rows and columns. In later chapters we will consider systems where
m # n.

2.1.1 Singularity and Nonsingularity

An n x n matrix A is said to be singular if it has any one of the following equivalent
properties:

1. A has no inverse (i.e, there is no matrix M such that AM = M A = I, the identity
matrix).

2. det(A) =0.

37
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3. rank(A) < n (the rank of a matrix is the maximum number of linearly independent rows
or columns it contains).
4. Az = o for some vector z # o.

Otherwise, the matrix is nonsingular. The solvability of a system of linear equations Ax = b
is determined by whether the matrix A is singular or nonsingular. If the matrix A is
nonsingular, then its inverse, denoted by A~!, exists, and the system Ax = b always has a
unique solution & = A~'b regardless of the value for b. If, on the other hand, the matrix
A is singular, then the number of solutions is determined by the right-hand-side vector b:
for a given value of b there may be no solution, but if there is a solution x, so that Ax = b,
then we also have A(x +vz) = b for any scalar 7, where the vector z is as in the foregoing
definition. Thus, if a singular system has a solution, then the solution cannot be unique. To
summarize the possibilities, for a given matrix A and right-hand-side vector b, the system
may have

One solution: nonsingular
No solution: singular
Infinitely many solutions: singular

In two dimensions, each linear equation determines a straight line in the plane. The
solution of the system is the intersection point of the two lines. If the two straight lines are
not parallel, then they have a unique intersection point (the nonsingular case). If the two
straight lines are parallel, then either they do not intersect at all (there is no solution) or
the two lines are the same (any point along the line is a solution). In higher dimensions,
each equation determines a hyperplane. In the nonsingular case, the unique solution is the
intersection point of all of the hyperplanes.

Example 2.1 Singularity and Nonsingularity. The 2 x 2 system

2x1 + 329 = by,
5x1 +4x9 = by,
or in matrix-vector notation
2 3 1| b1
5 4 T2 o bg ’
is nonsingular regardless of the value of b. If b = [8 13}T, for example, then the unique

solution is & = [1  2]7.
The 2 x 2 system

2 3- 1| bl

4 6_ T2 - b2
is singular regardless of the value of b. With b = [4 7]T, there is no solution. With
b=1[4 8]", then

v :<4—37>/3}

is a solution for any real number ~.
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2.2 Solving Linear Systems

To solve a linear system, the general strategy outlined in Section 1.1.1 suggests that we
should transform the system into one whose solution is the same as that of the original
system but is easier to compute. What type of transformation of a linear system leaves the
solution unchanged? The answer is that we can premultiply (i.e., multiply from the left)
both sides of the linear system Ax = b by any nonsingular matrix M without affecting the
solution. To see why this is so, note that the solution to the linear system M Ax = Mb is
given by
z=(MA'Mb=A"'M"1Mb=A""b.

Example 2.2 Permutations. An important example of such a transformation is the
fact that the rows of A and corresponding entries of b can be reordered without changing
the solution @. This is intuitively obvious: all of the equations in the system must be
satisfied simultaneously in any case, so the order in which they happen to be written down
is irrelevant; they may as well have been drawn randomly from a hat. Formally, such a
reordering of the rows is accomplished by premultiplying both sides of the equation by a
permutation matrix P, which is a square matrix having exactly one 1 in each row and
column and zeros elsewhere (i.e., an identity matrix with its rows and columns permuted).
For example,

0 0 1 b1 bs
1 0 0 by | = | b1
01 0 bs ba

A permutation matrix is always nonsingular; in fact, its inverse is simply its transpose,
pP1l=p7T (the transpose of a matrix M, denoted by M T is a matrix whose columns are
the rows of M, that is, if N = M7, then ny; = myj;). Thus, the reordered system can be
written PAx = Pb, and the solution x is unchanged.

Postmultiplying (i.e., multiplying from the right) by a permutation matrix reorders the
columns of the matrix instead of the rows. Such a transformation does change the solution,
but only in that the components of the solution are permuted. To see this, observe that the
solution to the system APx = b is given by

z=(AP) 'b=P 1A 'b=PT(A D).

Example 2.3 Diagonal Scaling. Another simple but important type of transformation
is diagonal scaling. Recall that a matrix D is diagonal if d;; = 0 for all i # j, that is, the
only nonzero entries are d,7 = 1,...,n, on the main diagonal. Premultiplying both sides
of a linear system Ax = b by a nonsingular diagonal matrix D multiplies each row of the
matrix and right-hand side by the corresponding diagonal entry of D, and hence is called
row scaling. In principle, row scaling does not change the solution to the linear system,
but in practice it can affect the numerical solution process and the accuracy that can be
attained for a given problem, as we will see.
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Column scaling—postmultiplying the matrix of a linear system by a nonsingular diagonal
matrix D—multiplies each column of the matrix by the corresponding diagonal entry of
D. Such a transformation does alter the solution, in effect changing the units in which the
components of the solution are measured. The solution to the scaled system ADx = b is
given by

x=(AD)'b=D"'A b,

and hence the solution to the original system is given by D.

2.2.1 Triangular Linear Systems

The next question is what type of linear system is easy to solve. Suppose there is an equation
in the system Ax = b that involves only one of the unknown solution components (i.e., only
one entry in that row of A is nonzero). Then that equation can easily be solved (by division)
for that unknown. Now suppose there is another equation in the system that involves only
two unknowns, one of which is the one already determined. By substituting the one solution
component already determined into this second equation, we can then easily solve for its
other unknown. If this pattern continues, with only one new unknown component arising
per equation, then all of the solution components can be computed in succession. A matrix
with this special property is called triangular, for reasons that will soon become apparent.
Because triangular linear systems are easily solved by this successive substitution process,
they are a suitable target in transforming a general linear system.

Although the general triangular form just described is all that is required to enable
the system to be solved by successive substitution, it is convenient to define two specific
triangular forms for computational purposes. A matrix A is upper triangular if all of its
entries below the main diagonal are zero (i.e., if a;; = 0 for ¢ > j). Similarly, a matrix is
lower triangular if all of its entries above the main diagonal are zero (i.e., if a;; = 0 for
i < j). For an upper triangular system Ax = b, the successive substitution process is called
back-substitution and can be expressed as follows:

Tp = bn/anna

n
xT; = bi— E A5 T4 /aii, i:n—l,...,l.
j=i+1

Similarly, for a lower triangular system Aa = b, the successive substitution process is called
forward-substitution and can be expressed as follows:

x1 = b1 /a1,

i—1
€T, = bi— E Ai; T /CLZ'Z', i:2,...,n.
j=1

A matrix that is triangular in the more general sense defined earlier can be permuted into
upper or lower triangular form by a suitable permutation of its rows or columns.
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Example 2.4 Triangular Linear System. Consider the upper triangular linear system

2 4 =2 1 2
0 1 1 2| = |4
0 0 4 3 8

The last equation, 4x3 = 8, can be solved directly for 3 = 2. This value can then be
substituted into the second equation to obtain xo = 2, and finally both x3 and x5 are
substituted into the first equation to obtain x; = —1.

2.2.2 Elementary Elimination Matrices

Our strategy then is to devise a nonsingular linear transformation that transforms a given
general linear system into a triangular linear system that we can then solve easily by suc-
cessive substitution. Thus, we need a transformation that replaces selected nonzero entries
of the given matrix with zeros. This can be accomplished by taking appropriate linear
combinations of the rows of the matrix, as we will now show.

Consider the 2-vector a = [ay ag]T. If a1 # 0, then

1 0 al . aj
—agfa; 1| |az| 0|
More generally, given an n-vector a, we can annihilate all of its entries below the kth
position, provided that a; # 0, by the following transformation:

1 .- 0 0 --- 07T a1 T Cay ]
0 --- 1 0 --- 0 ar ag
M — =
ke 0 - —mpyr 1 - 0 | apg 0’
0 -« —m, 0 --- 1] | a, | | 0 ]
where m; = a;/ag, i = k+1,...,n. The divisor aj is called the pivot. A matrix of this

form is sometimes called an elementary elimination matriz or Gauss transformation, and its
effect on a vector is to add a multiple of row k to each subsequent row, with the multipliers
m; chosen so that the result in each case is zero. Note the following about these elementary
elimination matrices:

1. My is a lower triangular matrix with unit main diagonal, and hence it must be nonsin-
gular.

2. M =1 — mez, where m = [0,...,0,mp41,...,my|’ and ey, is the kth column of the
identity matrix.

3. Mkfl =1+ me{, which means that M,;l, which we will denote by Ly, is the same as
M, except that the signs of the multipliers are reversed.
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4. If Mj, j > k, is another elementary elimination matrix, with vector of multipliers ¢,
then

MM; =1 — mel — te? + me;‘fte]T =1 me}] — teJT,

since egt = 0. Thus, their product is essentially their “union.” Because they have the
same form, a similar result holds for the product of their inverses, L;L;. Note that the
order of multiplication is significant; these results do not hold for the reverse product.

Example 2.5 Elementary Elimination Matrices. If a = [2 4 —2]T, then
1 0 0 2 2 1 0 0 2 2
Ma=|-2 1 0 41 =10|, and Msa= |0 1 O 41 =14
10 1] [-2 0 0 & 1] [-2 0
We also note that
1 0 O 1 0 0
Li=M'=| 2 1 0|, Le=M,'=|0 1 0},
-1 0 1 0 -3 1
and
1 0 0 1 0 0
M My=|-2 1 0|, LiLy=| 2 1 0
1 31 -1 -3 1

2.2.3 Gaussian Elimination and LU Factorization

With elementary elimination matrices, it is a fairly simple matter to reduce a general linear
system Ax = b to upper triangular form. We first choose an elementary elimination matrix
M according to the recipe given in Section 2.2.2, with the first diagonal entry a1 as pivot,
so that, when premultiplied by My, the first column of A becomes zero below the first row.
Of course, all of the remaining columns of A, as well as the right-hand-side vector b, are
also multiplied by M7, so the new system becomes MiAx = Mb, but by our previous
discussion the solution is unchanged.

Next we use the second diagonal entry as pivot to determine a second elementary
elimination matrix My that annihilates all of the entries of the second column of the
new matrix, M A, below the second row. Again, My must be applied to the entire
matrix and right-hand-side vector, so that we obtain the further modified linear system
MsMiAx = MsM;b. Note that the first column of the matrix Mj A is not affected by
M because all of its entries are zero in the relevant rows. This process is continued for each
successive column until all of the subdiagonal entries of the matrix have been annihilated,
so that the linear system

MAx=M,_,---MAx = M,_,---M;b= Mb

is upper triangular and can be solved by back-substitution to obtain the solution to the
original linear system Ax = b.
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The process we have just described is known as Gaussian elimination. It is also known
as LU factorization or LU decomposition because it decomposes the matrix A into a product
of a unit lower triangular matrix, L, and an upper triangular matrix, U. To see this, recall
that the product LjL; is unit lower triangular if k& < j, so that

L:M_lz(Mn—l"'Ml)_l:Mfl"’M;jlle"'Ln—l

is unit lower triangular. We have already seen that, by design, the matrix U = M A is
upper triangular. Therefore, we have expressed A as a product

A=LU,

where L is unit lower triangular and U is upper triangular. Given such a factorization,
the linear system Ax = b can then be written as LUx = b and hence can be solved by
first solving the lower triangular system Ly = b by forward-substitution, then the upper
triangular system Ux = y by back-substitution. Note that the intermediate solution y
is the same as the transformed right-hand-side vector, Mb, in the previous formulation.
Thus, Gaussian elimination and LU factorization are simply two ways of expressing the
same solution process.

Example 2.6 Gaussian Elimination. We illustrate Gaussian elimination by solving the
linear system

21 +4x0 — 223 = 2,
4x1 +9x9 — 33 = 8,
—2x1 —3x2 + Txs = 10,
or in matrix notation
2 4 -2 €1 2
Ax = 4 9 -3 X9 = 8| =b.
-2 =3 7 xs 10

To annihilate the subdiagonal entries of the first column of A, we subtract two times the
first row from the second row, and add the first row to the third row:

100 2 4 -2 2 4 -2
MA=|-2 1 0 4 9 -3|=|0o1 1],
10 1||-2 -3 7 01 5
1 0 01 2 2
Mb=|-2 1 0| 8|=] 4
1 0 1|10 12

Now to annihilate the subdiagonal entry of the second column of M;A, we subtract the
second row from the third row:

0 0 2 4 2 4
M>oMA= |0 1 0 0 1 1{=10 1 1],
1 1 0 1 0 0
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1 0 0 2 2
M>M:b= |0 1 0 41 =14
0 -1 1 12 8

We have therefore reduced the original system to the equivalent upper triangular system

2 4 =2 T 2
01 1| |a|=]4],
0 0 4] [z 8
which can now be solved by back-substitution (as in Example 2.4) to obtainz = [-1 2 2]7.

To write out the LU factorization explicitly, we have

1 0 0 1 0 0] 1 0 0
L=I1L,= 2 1 0 01 0] = 2 1 0],
-1 0 1 0 1 1] -1 1 1
so that -~
2 4 =2 1 0 0 2 4 -2
A= 4 9 3| = 2 1 0 0 1 1| =LU
-2 -3 7 -1 1 1]]10 0 4

2.2.4 Pivoting

There is one obvious problem with the Gaussian elimination process as we have described it,
as well as another, somewhat more subtle, problem. The obvious potential difficulty is that
the process breaks down if the leading diagonal entry of the remaining unreduced portion
of the matrix is zero at any stage, as computing the multipliers m; for a given column
requires division by the diagonal entry in that column. The solution to this problem is
almost equally obvious: if the diagonal entry is zero at stage k, then interchange row k of
the system with some subsequent row whose entry in column k is nonzero. As we know
from Example 2.2, such an interchange does not alter the solution to the system. With a
nonzero diagonal entry as pivot, the process can then proceed as usual.

But what if there is no nonzero entry on or below the diagonal in column k7 Then there
is nothing to do at this stage, since all the entries to be annihilated are already zero, and
we can simply move on to the next column (i.e., My = I). Note that this step leaves a
zero on the diagonal, and hence the resulting upper triangular matrix U is singular, but
the LU factorization can still be completed. It does mean, however, that the subsequent
back-substitution process will fail, since it requires a division by each diagonal entry of U,
but this is not surprising because the original matrix must have been singular anyway. A
more insidious problem is that in floating-point arithmetic we may not get an exact zero,
but only a very small diagonal entry, which brings us to the more subtle point.

In principle, any nonzero value will do as the pivot for computing the multipliers, but in
practice the choice should be made with some care to minimize error. When the remaining
portion of the matrix is multiplied by the resulting elementary elimination matrix, we
should try to limit the growth of the entries of the transformed matrix in order not to
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amplify rounding errors. For this reason, it is desirable for the multipliers not to exceed 1
in magnitude. This requirement can be met by choosing the entry of largest magnitude on
or below the diagonal as pivot. Such a policy is called partial pivoting, and it is essential in
practice for a numerically stable implementation of Gaussian elimination for general linear
systems.

The row interchanges required by partial pivoting slightly complicate the formal descrip-
tion of LU factorization given earlier. In particular, each elementary elimination matrix M
is preceded by a permutation matrix P that interchanges rows to bring the entry of largest
magnitude into the diagonal pivot position. We still have M A = U, where U is upper
triangular, but now

M =M, P, ,---M P,.

M1 is still triangular in the general sense defined earlier, but because of the permutations,
M~ is not necessarily lower triangular, though we still denote it by L. Thus, “LU”
factorization no longer literally means “lower times upper” triangular, but it is still equally
useful for solving linear systems by successive substitution.

We note that the permutation matrix

P=P, ., P

permutes the rows of A into the order determined by partial pivoting. An alternative
interpretation, therefore, is to think of partial pivoting as a way of determining a row
ordering for the system under which no pivoting would be required for numerical stability.
Thus, we obtain the factorization

PA=LU,

where now L really is lower triangular. To solve the linear system Ax = b, we first solve
the lower triangular system Ly = Pb by forward-substitution, then the upper triangular
system Ux = y by back-substitution.

The name “partial” pivoting comes from the fact that only the current column is
searched for a suitable pivot. A more exhaustive pivoting strategy is complete pivoting,
in which the entire remaining unreduced submatrix is searched for the largest entry, which
is then permuted into the diagonal pivot position. Note that this requires interchanging
columns as well as rows, and hence it leads to a factorization of the form

PAQ = LU,

where L is unit lower triangular, U is upper triangular, and P and @ are permutation
matrices that reorder the rows and columns, respectively, of A. To solve the linear system
Ax = b, we first solve the lower triangular system Ly = Pb by forward-substitution,
then the upper triangular system Uz = y by back-substitution, and finally we permute
the solution components to obtain & = Qz. Although the numerical stability of complete
pivoting is theoretically superior, it requires a much more expensive pivot search than
partial pivoting. Because the numerical stability of partial pivoting is more than adequate
in practice, it is almost universally used in solving linear systems by Gaussian elimination.

Since pivot selection depends on the magnitudes of individual matrix entries, the par-
ticular choice obviously depends on the scaling of the matrix. A diagonal scaling of the
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matrix (recall Example 2.3) may result in a different sequence of pivots. For example, any
nonzero entry in a given column can be made the largest in magnitude simply by giving that
row a sufficiently heavy weighting. This does not mean that an arbitrary pivot sequence
is acceptable, however: a badly skewed scaling can result in an inherently sensitive system
and a correspondingly inaccurate solution. A well-formulated problem should have appro-
priately commensurate units for measuring the unknown variables (column scaling), and a
weighting of the individual equations that properly reflects their relative importance (row
scaling). It should also account for the relative accuracy of the input data. Under these
circumstances, the pivoting procedure will usually produce a solution that is as accurate as
the problem warrants (see Section 2.4).

Example 2.7 Pivoting. Here are some examples to illustrate the necessity of pivoting,
both in theory and practice, for a stable implementation of Gaussian elimination. We first
observe that the need for pivoting has nothing to do with whether the matrix is singular or
nearly singular. For example, the matrix

[0
A__1

O

is nonsingular yet has no LU factorization unless
matrix

£

e interchange rows, whereas the singular

A=

117
L 1 1 -
does have an LU factorization.

In practice, using finite-precision arithmetic, we must avoid not only zero pivots but

also small pivots in order to prevent unacceptable error growth, as shown in the following
example. Let

where € is a positive number smaller than the unit roundoff €y, in a given floating-point
system. If we do not interchange rows, then the pivot is € and the resulting multiplier is
—1/e, so that we get the elimination matrix

1 0
M = |:—1/6 1]’
and hence
1 0 € 1 € 1
L= [1/6 1} and U= [0 1—1/6] - [0 —1/6]

in floating-point arithmetic. But then

1 0] |e€ 1 e 1
w={ g 35 =1 o) 2a
Using a small pivot, and a correspondingly large multiplier, has caused an unrecoverable

loss of information in the transformed matrix. If we interchange rows, on the other hand,
then the pivot is 1 and the resulting multiplier is —e, so that we get the elimination matrix
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10 11 11
L_[e 1] and U‘[o 1—6]_[0 1}

in floating-point arithmetic. We therefore have

1 0|1 1 11
w= 4] 1]=10 )
which is the correct result after permutation.

Although the foregoing example is rather extreme, the principle holds in general that
larger pivots produce smaller multipliers and hence smaller errors. In particular, if the
largest entry on or below the diagonal in each column is used as pivot (partial pivoting),
then the multipliers are bounded in magnitude by 1. In Example 2.6, we did not use row

interchanges, and some of the multipliers were greater than 1. For illustration, we now
repeat that example, this time using partial pivoting. The system in Example 2.6 is

and hence

2 4 =2 1 2
4 9 -3 T2 = 8
-2 =3 7 3 10

The largest entry in the first column is 4, so we interchange the first two rows using the
permutation matrix

0 1 0]
P =|1 0 0],
0 0 1]
obtaining the permuted system
4 9 -3 I i 8
PlAZU = 2 4 -2 X9 = 2 = Plb
-2 -3 7] |3 10

To annihilate the subdiagonal entries of the first column, we use the elimination matrix

1 0 0
My =|-1 1 0],
1
3 01
obtaining the transformed system
4 9 -3 1 8
M1P1ACC= 0 —% —% I = -2 :Mlplb.
0 35 |3 14

The largest entry in the second column on or below the diagonal is %, so we interchange
the last two rows using the permutation matrix

1
P,= 10
0

= o O
O = O
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obtaining the permuted system

4 9 -3 1 8
P2M1P1A£B = 0 % 171 T = 14| = P2M1P1b.
0 —% —% T3 -2

To annihilate the subdiagonal entry of the second column, we use the elimination matrix

1 0 0
M,=|0 1 0],
0 3 1
obtaining the transformed system
4 9 -3 1 8
M2P2M1P1A£B =10 % % T = 14| = M2P2M1P1b.
00 3] |as 8

We have therefore reduced the original system to an equivalent upper triangular system,
which can now be solved by back-substitution to obtain the same answer as before.
To write out the LU factorization explicitly, we have

L=M"'=(M,P,MP)"'=P'LiP]L, =
010 1 001 00][1 00 : -3 1
100 1 0l]0 0 1]l0 10 1 0 0f,
1 1 1
00 1][-3 0 1]]0 1 o]0 -1 1 -1 10
and hence
2 4 -2 3 -3 1774 9 -3
A=| 4 9 =3|=| 1 o0 0|0 2 HI=LU
-2 -3 7 -2 1.0][0 0 3

Note that L is not lower triangular, but it is triangular in the more general sense (it is a
permutation of a lower triangular matrix). Alternatively, we can take

1 0 0]f0o 10 010
P=PP=|0 0 1|1 0 0|=1]0 0 1],
01 0][0 01 100
and
1 00
1
L=|-3 10],
3 35 1
so that
010 2 4 -2 1 0 0][4 9 -3
PA=|0 0 1 4 9 =3|=|-3 1 o0o|l|0 2 L|=LU,
10 0f[-2 -3 7 5 —% 1]]10 0 3
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where L now really is lower triangular but A is permuted.

As we have just seen, pivoting is generally required for Gaussian elimination to be stable.
There are some classes of matrices, however, for which Gaussian elimination is stable without
pivoting. For example, if the matrix A is diagonally dominant by columns, which means
that each diagonal entry is larger in magnitude than the sum of the magnitudes of the other

entries in its column,
n

> lagl <lajl, j=1,....m,
i=1,i#j
then pivoting is not required in computing its LU factorization by Gaussian elimination.
If partial pivoting is used on such a matrix, then no row interchanges will actually occur.
Another important class for which pivoting is not required is matrices that are symmetric
and positive definite, which will be defined in Section 2.5. Avoiding an unnecessary pivot
search can save a significant amount of time in computing the factorization.

2.2.5 Implementation of Gaussian Elimination

Gaussian elimination, or LU factorization, has the general form of a triple-nested loop,

for
for
for
aij = aij — (Qik/akk)ar;
end
end
end

where the indices 7, j, and k of the for loops can be taken in any order, for a total of 3! = 6
different ways of arranging the loops. Some of the indicated arithmetic operations can be
moved outside the innermost loop for greater efficiency, depending on the specific indices
involved, and additional reorderings of the operations that do not have strictly nested
loops are also possible. These variations of the basic algorithm have different memory
access patterns (e.g., accessing memory row-wise or column-wise), and also differ in their
ability to take advantage of the architectural features of a given computer (e.g., cache,
paging, vectorization, multiple processors). Thus, their performance may vary widely on a
given computer or across different computers, and no single arrangement may be uniformly
superior.

Numerous implementation details of the algorithm are subject to variation in this way.
For example, the partial pivoting procedure we described searches along columns and inter-
changes rows, but alternatively, one could search along rows and interchange columns. We
have also taken L to have unit diagonal, but one could instead arrange for U to have unit
diagonal. Some of these variations of Gaussian elimination are of sufficient importance to
have been given names, such as the Crout and Doolittle methods.

Although the many possible variations on Gaussian elimination may have a dramatic
effect on performance, they all produce essentially the same factorization. Provided the
row pivot sequence is the same, if we have two LU factorizations PA = LU = f;ﬁ, then
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this expression implies that L 'L =UU! = D is both lower and upper triangular, and
hence diagonal. If both L and L are assumed to be unit lower triangular, then D must
in fact be the identity matrix I, and hence L = Land U = U', so that the factorization
is unique. Even without this assumption, however, we may still conclude that that the
LU factorization is unique up to diagonal scaling of the factors. This uniqueness is made
explicit in the LDU factorization PA = LDU, where L is unit lower triangular, U is unit
upper triangular, and D is diagonal.

Storage management is another important implementation issue. The numerous ma-
trices we considered—the elementary elimination matrices My, their inverses Ly, and the
permutation matrices Pr—merely describe the factorization process formally. They are not
formed explicitly in an actual implementation. To conserve storage, the L and U factors
overwrite the initial storage for the input matrix A, with the transformed matrix U occu-
pying the upper triangle of A (including the diagonal), and the multipliers that make up
the strict lower triangle of L occupying the (now zero) strict lower triangle of A. The unit
diagonal of L need not be stored.

To minimize data movement, the row interchanges required by pivoting are not usually
carried out explicitly. Instead, the rows remain in their original locations, and an auxiliary
integer vector is used to keep track of the new row order. Note that a single such vector
suffices, because the net effect of all of the interchanges is still just a permutation of the
integers 1,...,n.

2.2.6 Complexity of Solving Linear Systems

The Gaussian elimination process for computing the LU factorization requires about n3/3
floating-point multiplications and a similar number of additions. Solving the resulting
triangular system for a single right-hand-side vector by forward- and back-substitution
requires about n? multiplications and a similar number of additions. Thus, as the order n
of the matrix grows, the LU factorization phase becomes increasingly dominant in the cost
of solving linear systems.

We can also solve a linear system by explicitly inverting the matrix so that the solution
is given by @ = A~'b. But computing A~! is tantamount to solving n linear systems: it
requires an LU factorization of A followed by n forward- and back-substitutions, one for
each column of the identity matrix. The total operation count is about n3 multiplications
and a similar number of additions (taking advantage of the zeros in the right-hand-side
vectors for the forward-substitution).

Thus, explicit inversion is three times as expensive as LU factorization. The subse-
quent matrix-vector multiplication & = A~'b to solve a linear system requires about n?
multiplications and a similar number of additions, which is similar to the total cost of
forward- and back-substitution. Hence, even for multiple right-hand-side vectors, matrix
inversion is more costly than LU factorization for solving linear systems. In addition, ex-
plicit inversion gives a less accurate answer. As a simple example, if we solve the 1 x 1
linear system 3z = 18 by division, we get x = 18/3 = 6, but explicit inversion would give
x =371 x 18 = 0.333 x 18 = 5.99 using three-digit arithmetic. In this small example, in-
version requires an additional arithmetic operation and obtains a less accurate result. The
disadvantages of inversion become worse as the size of the system grows.
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Explicit matrix inverses often occur as a convenient notation in various formulas, but
this practice does not mean that an explicit inverse is required to implement such a formula.
One merely need solve a linear system with an appropriate right-hand side, which might
itself be a matrix. Thus, for example, a product of the form A~'B should be computed
by LU factorization of A, followed by forward- and back-substitutions using each column
of B. It is extremely rare in practice that an explicit matrix inverse is actually needed, so
whenever you see a matrix inverse in a formula, you should think “solve a system” rather
than “invert a matrix.”

Another method for solving linear systems that should be avoided is Cramer’s rule, in
which each component of the solution is computed as a ratio of determinants. Though often
taught in elementary linear algebra courses, this method is astronomically expensive for full
matrices of nontrivial size. Cramer’s rule is useful mostly as a theoretical tool.

2.2.7 Gauss-Jordan Elimination

The motivation for Gaussian elimination is to reduce a general matrix to triangular form,
because the resulting linear system is easy to solve. Diagonal linear systems are even easier
to solve, however, so diagonal form would appear to be an even more desirable target. Gauss-
Jordan elimination is a variation of standard Gaussian elimination in which the matrix is
reduced to diagonal form rather than merely to triangular form. The same type of row
combinations are used to eliminate matrix entries as in standard Gaussian elimination,
but they are applied to annihilate entries above as well as below the diagonal. Thus, the
elimination matrix used for a given column vector a is of the form

1T - 0 —mg3 0 -+ 07T a1 T [0
0o --- 1 —Mg_q 0O --- 0 ap_1 0
o --- 0 1 0 0 ar | = |ag |,
0 0 —Mk+1 1 0 Af+1 0
o -~ 0 —-m, 0 -+ 111 ap | | 0 ]
where m; = a;/ay, i = 1,...,n. This process requires about n®/2 multiplications and a

similar number of additions, which is 50 percent more expensive than standard Gaussian
elimination.

During the elimination phase, the same row operations are also applied to the right-
hand-side vector (or vectors) of a system of linear equations. Once the elimination phase
has been completed and the matrix is in diagonal form, then the components of the solution
to the linear system can be computed simply by dividing each entry of the transformed right-
hand side by the corresponding diagonal entry of the matrix. This computation requires a
total of only n divisions, which is significantly cheaper than solving a triangular system, but
not enough to make up for the more costly elimination phase. Gauss-Jordan elimination
also has the numerical disadvantage that the multipliers can exceed 1 in magnitude even if
pivoting is used.

Despite its higher overall cost, Gauss-Jordan elimination may be preferred in some
situations because of the extreme simplicity of its final solution phase. For example, it is
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occasionally advocated for implementation on parallel computers because it has a uniform
workload throughout the factorization phase, and then all of the solution components can
be computed simultaneously rather than one at a time as in ordinary back-substitution.

Gauss-Jordan elimination is also sometimes used to compute the inverse of a matrix
explicitly, if desired. If the right-hand-side matrix is initialized to be the identity matrix
I and the given matrix A is reduced to the identity matrix by Gauss-Jordan elimination,
then the transformed right-hand-side matrix will be the inverse of A. For computing the
inverse, Gauss-Jordan elimination has about the same operation count as explicit inversion
by Gaussian elimination followed by forward- and back-substitution.

Example 2.8 Gauss-Jordan Elimination. We illustrate Gauss-Jordan elimination by
using it to compute the inverse of the matrix of Example 2.6. For simplicity, we omit
pivoting. We begin with the matrix A, augmented by the identity matrix I as right-hand
side, and repeatedly apply elimination matrices to annihilate off-diagonal entries of A until
we reach diagonal form, then scale by the remaining diagonal entries to produce the identity
matrix on the left, and hence the inverse matrix on the right.

[ 1007 2 4 -2[100 2 4 -2/ 10 0]
-2 10 4 9 -3/010|=|01 1|-210],
| 10 1] -2 -3 7|00 1 01 5/ 10 1]
[1 -4 0][2 4 -2 10 0 (2 0 6] 9 —4 0]
0 10 01 1|-210|=|01 1|-2 1 0],
0 -1 1]]0 1 101 (000 4| 3 -1 1|
10 27720 —6] 9 —4 0 (2 0 0 & -4 3
1 _ 11 5 _ 1
01 —1 01 1|-2 1o0|=|010-% =2 21,
00 1][00 4| 3 —-11 (00 4, 3 -1 1
1 27 11 3
100 2 0 0 2 -4 3
010 01o0l-4 2 —1|=
00 ;% 004 3 -1 1
27 11 3
1 oo & % 3 27 —11 3
010—% %—i,so Al = —11 5 —1
001 3 -3 3 3 -1 1

2.2.8 Solving Modified Problems

In many practical situations linear systems do not occur in isolation but as part of a sequence
of related problems that change in some systematic way. For example, one may need to
solve a sequence of linear systems Ax = b having the same matrix A but different right-
hand sides b. After having solved the initial system by Gaussian elimination, then the L
and U factors already computed can be used to solve the additional systems by forward-
and back-substitution. The factorization phase need not be repeated in solving subsequent
linear systems unless the matrix changes. This procedure represents a substantial savings
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in work, since additional triangular solutions cost only O(n?) work, in contrast to the O(n?)
cost of a factorization.

In fact, in some important special cases a new factorization can be avoided even when
the matrix does change. One such case that arises frequently is the addition of a matrix that
is an outer product uv? of two nonzero vectors u and v. This is called a rank-one change
because the outer product matrix uv” has rank one (i.e., only one linearly independent
row or column), and any rank-one matrix can be expressed as such an outer product of two
vectors. For example, if a single entry of the matrix A changes (say the (j, k) entry changes
from aj, to a;i), then the new matrix is A — aeje;‘g, where e; and ey, are the corresponding
columns of the identity matrix and o = aj; — ;.

The Sherman-Morrison formula gives the inverse of a matrix resulting from a rank-one
change to a matrix whose inverse is already known:

(A-—uv))t=A"1+ A (1 —vlTA ) oA

where u and v are n-vectors. Evaluation of this formula requires only O(n?) work (for
matrix-vector multiplications) rather than the O(n?®) work normally required for inversion.

To solve a linear system (A—wuwv’)z = b with the new matrix, we could use the foregoing
formula to obtain

z=(A-uvl)b=A"b+ A lu(l —vT A ) w7 A7 b,

We would prefer to avoid explicit inversion altogether, however. If we have an LU factor-
ization for A, then the following steps can easily be computed to obtain the solution to the
modified system:

1. Solve Az = u for z, so that z = A .
2. Solve Ay = b for y, so that y = A™'b.
3. Compute z =y + [(vTy)/(1 — vT2)]z.

Note that the first step is independent of b and hence need not be repeated if there are
multiple right-hand-side vectors b. Again, this procedure requires only triangular solutions
and inner products, so it requires only O(n?) work and no explicit inverses.

The Woodbury formula, in which w and v become n x k matrices U and V', generalizes
the Sherman-Morrison formula to a rank-k change in the matrix:

(A-vvhHl=aA"1'r A 'luad-vTiatu)ylvia-t

Using similar techniques, it is possible to update the factorization rather than the inverse or
the solution. Caution must be exercised in using these updating formulas, however, because
in general there is no guarantee of numerical stability through successive updates as the
matrix changes.

Example 2.9 Rank-One Updating of Solutions. To illustrate the use of the Sherman-
Morrison formula, we solve the linear system

2 4 =2 T 2
4 9 -3 xo |l =1 81,
2 1 7| | 10
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which is a rank-one modification of the system in Example 2.6 (only the (3,2) entry has
changed). We take A to be the matrix of Example 2.6, so we can use the LU factorization
already computed. One way to choose the update vectors is

0 0
u = 0 and v=|1],
-2 0

so that the matrix of the new system is A — uv’, and the right-hand-side vector b has not
changed. We can use the previously computed LU factorization of A to solve Az = u to
3 1 1 ]T, and we had already solved Ay = btoobtainy =[—1 2 Q]T.

obtain z = [—E b) -3
The final step is then to compute the updated solution

_ _3 _
vly 1 2 ? 7
T=yYy+ —F-2= 2+ T 5| = 4
1-vtz 9 1-3 _i 0
2

We have thus computed the solution to the new system without refactoring the modified
matrix.

2.3 Norms and Condition Numbers

2.3.1 Vector Norms

To measure errors and sensitivity in solving linear systems, we need some notion of the “size”
of vectors and matrices. The scalar concept of magnitude, modulus, or absolute value can
be generalized to the concept of norms for vectors and matrices. Although a more general
definition is possible, all of the vector norms we will use are instances of p-norms, which for
an integer p > 0 and a vector x of dimension n are defined by

Important special cases are as follows:
e I-norm:

n
el = |l
i=1

sometimes called the Manhattan norm because in the plane it corresponds to the distance
between two points as measured in “city blocks.”

e 2-norm:
n 1/2
e = (zmz) |
i=1

which corresponds to the usual notion of distance in Euclidean space.
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® OO-NOorm:

2l = max [z,

which can be viewed as a limiting case as p — oo.

All of these norms give the same results qualitatively, but in certain circumstances a par-
ticular norm may be easiest to work with analytically or computationally. The 1-norm or
the co-norm is usually used in analyzing the sensitivity of solutions to linear systems. We
will also use the 2-norm later on in other contexts. The differences among these norms are
illustrated in Fig. 2.1, which shows the unit sphere, {x:|x| = 1}, in two dimensions for
each norm.

1.5 7

(—1.6,1.2)
\ 00

—1.5-
Figure 2.1: The unit sphere in various vector norms.
The norm of a vector is simply the factor by which the corresponding unit sphere must

be expanded or shrunk to encompass the vector. For example, the norms have the following
values for the vector shown in Fig. 2.1:
—-1.6
e
o0

[l

In general, for any vector  in R™, we have

[zl = llzll2 = ||z oo
On the other hand, we also have

Izl < Vnlzla, llzlz < Vil#le, and @] <7z

Thus, for a given n, any two of the norms differ by at most a constant, so they are all
equivalent in the sense that if one is small, they must all be proportionally small. Hence,
we can choose whichever norm is most convenient in a given context. In the remainder of
this book, an appropriate subscript will be used to indicate a specific norm, when necessary,
but the subscript will be omitted when it does not matter which particular norm is used.

For any vector norm, the following important properties hold, where  and y are any
vectors:
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1. ||z|| > 0if  # o.
2. |[yx| = || - ||z| for any scalar .
3. lz+yl <zl + |yl (triangle inequality).

In a more general treatment, these three properties can be taken as the definition of a vector
norm. A useful variation on the triangle inequality is

=yl = [l=] - [ly]l.

2.3.2 Matrix Norms

We also need some way to measure the size or magnitude of matrices. Again, a more general
definition is possible, but all of the matrix norms we will use are defined in terms of an
underlying vector norm. Specifically, given a vector norm, we define the corresponding
matrix norm of a matrix A as follows:

| Az|
]

|A|| = max
x#0

Such a matrix norm is said to be subordinate to the vector norm. Intuitively, the norm of
a matrix measures the maximum stretching the matrix does to any vector, as measured in
the given vector norm.

Some matrix norms are much easier to compute than others. For example, the matrix
norm corresponding to the vector 1-norm is simply the maximum absolute column sum of
the matrix,

n
Al = max > |ay,
J =
=1

and the matrix norm corresponding to the vector co-norm is simply the maximum absolute
row sum of the matrix,

n
| Ao = mzaxz |ag;).
j=1

A handy way to remember these is that the matrix norms agree with the corresponding
vector norms for an n x 1 matrix. Unfortunately, the matrix norm corresponding to the
vector 2-norm is not so simple to compute; it turns out to be equal to the square root of the
largest eigenvalue of the matrix AT A, or, as we shall see later, the largest singular value of
A (see Section 4.5.2).

The matrix norms we have defined satisfy the following important properties, where A
and B are any matrices:

. ||All >0if A #O.

- |I7A| = 7| - |A]|| for any scalar ~.
A+ Bl < 4] + | B].

JAB| < ] |B].

. N Az|| < [|A]|| - ||| for any vector z.

U W N~



2.3. NORMS AND CONDITION NUMBERS o7

In a more general treatment, the first three properties can be taken as the definition of
a matrix norm. The remaining two properties, known as submultiplicative or consistency
conditions, may or may not hold for these more general matrix norms, but they always hold
for the matrix norms subordinate to the vector p-norms.

2.3.3 Condition Number of a Matrix

The condition number of a square nonsingular matrix A with respect to a given norm is
defined as

cond(A) = | Al| - [A7"].

By convention, cond(A) = oo if A is singular. Since

A A -1
||A||-||A—1||=<max [ wH).(mm [ wH> |
270 ||z | 220 ||

the condition number of a matrix measures the ratio of the maximum stretching that the
matrix does to any nonzero vector to the maximum shrinking. We will see in Section 2.4.2
that this concept is consistent with the general notion of condition number defined in
Section 1.2.5: the condition number of the matrix bounds the ratio of the relative change
in the solution of a linear system to a given relative change in the input data.

The condition number is a measure of how close a matrix is to being singular: a matrix
with a large condition number (which we will quantify in Section 2.4.2) is nearly singular,
whereas a matrix with a condition number close to 1 is far from being singular. Note that
the determinant of a matrix is not a good indicator of near singularity: although a matrix
A is singular if det(A) = 0, the magnitude of a nonzero determinant, large or small, gives
no information on how close to singular the matrix may be. For example, det(al,) = o,
which can be arbitrarily small for |a| < 1, yet the matrix is perfectly well-conditioned for
any nonzero «, with a condition number of 1.

Some important properties of the condition number are

For any matrix A, cond(A) > 1.

For the identity matrix, cond(I) = 1.

For any permutation matrix P, cond(P) = 1.

For any matrix A and nonzero scalar vy, cond(yA) = cond(A).

For any diagonal matrix D = diag(d;), cond(D) = (max |d;|)/(min |d;|).

RN

As we will see shortly, the usefulness of the condition number is in assessing the accuracy
of solutions to linear systems. Since the definition of the condition number involves the
inverse of the matrix, computing its value is obviously a nontrivial task. In fact, to compute
the condition number literally would require substantially more work than solving the linear
system whose accuracy is to be assessed using the condition number. In practice, therefore,
the condition number is merely estimated, to perhaps within an order of magnitude, as a
relatively inexpensive byproduct of the solution process.

The matrix norm ||A| is easily computed as the maximum absolute column sum (or
row sum, depending on the norm used). It is estimating ||A~!|| at low cost that presents a
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challenge. From the properties of norms, we know that if z is the solution to Az =y, then

&l -
T < HA 1”7

lyll —
and the bound is achieved for some optimally chosen vector y. We thus wish to pick a
vector y so that the ratio ||z||/|ly|| is as large as possible and therefore is a reasonable
estimate for ||[A~!||. Finding the optimal y would be prohibitively expensive, but a useful
approximation can be obtained much more cheaply. One heuristic is to choose y as the
solution to the system ATy = ¢, where ¢ is a vector whose components are +1, with the
signs chosen successively to make the resulting y as large as possible.

The motivation for this approach may not be obvious now, but it is essentially equiv-
alent to one step of inverse iteration for computing the singular vector corresponding to
the smallest singular value of A (see Chapter 4). An alternative approach to condition
estimation is to treat it as a convex optimization problem that can be solved very efficiently
in practice using a heuristic algorithm. Most good modern software packages for solving
linear systems provide an efficient and reliable condition estimator, based on a sophisticated
implementation of one of the methods outlined here.

2.4 Accuracy of Solutions

2.4.1 Residual of a Solution

Intuitively, the most obvious way to check the validity of a solution is to substitute it into
the equation to see how closely the two sides match. The residual vector of an approximate
solution & to the n x n linear system Ax = b is defined as

r=>b— Azx.

In theory, if A is nonsingular, then the error || — || = 0 if and only if ||r|| = 0. In practice,
however, these quantities are not necessarily small simultaneously. If the computed solution
& exactly satisfies

(A+ E)é = b,

then
el = 16— Az| = |[Ez|| < [|E[| - [|2],
so that we have the inequality
Il L&
[A[l- 2] — (A

relating the relative residual to the relative change in the matrix. Thus, a large relative
residual implies a large backward error in the matrix, which means that the algorithm used
to compute the solution is unstable.

But how large is || E|| likely to be in practice? Wilkinson [273] showed that for LU
factorization by Gaussian elimination, a bound of the form

12 _
>~ P M €mach

Al
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holds, where p, called the growth factor, is the ratio of the largest entry of U to the largest
entry of A. Without pivoting, p can be arbitrarily large, and hence Gaussian elimination
without pivoting is unstable, as we have already seen. With partial pivoting, the growth
factor can still be as large as 2"~ 1 (since in the worst case the size of the entries can double
at each stage of elimination), but such behavior is extremely rare. In practice, there is little
or no growth in the size of the entries, so that

1B,
" et

This relation means that solving a linear system by Gaussian elimination with partial piv-
oting followed by back-substitution almost always yields a very small relative residual,
regardless of how ill-conditioned the system may be. Thus, a small relative residual is not
necessarily a good indicator that a computed solution is close to the “true” solution unless
the system is well-conditioned.

Complete pivoting yields an even smaller growth factor, in both theory and practice,
but the additional margin of stability it provides is usually not worth the extra expense.

Example 2.10 Small Residual. Using three-digit decimal arithmetic to solve the system

0.641 0.242] [z [0.883
0.321 0.121] |z 10.442 |°

Gaussian elimination with partial pivoting yields the triangular system

0.641 0.242 | [a] [ 0.883
0  —0.000242 | | z2 | —0.000383 |’

and back-substitution then gives the computed solution
o [o782
158 |7
The exact residual for this solution is

—0.000622
r=b-Ar= [—0.000202} ’
which is as small as we can expect using only three-digit arithmetic. Yet the exact solution

for this system is easily seen to be
o 1.00
- [ 1.00 |’

so that the error is almost as large as the solution. The cause of this phenomenon is that
the matrix is very nearly singular (its condition number is more than 4000). The division
that determines xo is between two quantities that are both on the order of rounding error,
and hence the result is essentially arbitrary. Yet, by design, when this arbitrary value for
T9 is then substituted into the first equation, a value for 71 is computed so that the first
equation is satisfied. Thus, we get a small residual, but a poor solution.
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2.4.2 Estimating Accuracy

In addition to being a reliable indicator of near singularity, the condition number also
provides a quantitative estimate for the error in the computed solution to a linear system,
as we will now see. Let @ be the solution to the nonsingular linear system Ax = b, and
let & be the solution to the system Az = b+ Ab with a perturbed right-hand side. If we
define Ax = & — x, then we have

b+ Ab= Az = A(x + Ax) = Az + AAx.
Since Az = b, we must have AAx = Ab, and hence Az = A~ Ab. Now
b= Az = [b] <|Al- ],

and
Az =A"'Ab = |Axz| <|[A7Y-[|Ab],

which, upon using the definition cond(A) = ||A]| - |A~!||, yields the estimate

™ ™
ond(A)———.
™ )]

Thus, the condition number of the matrix determines the possible relative change in the
solution due to a given relative change in the right-hand-side vector, regardless of the
algorithm used to compute the solution (compare with the general notion of condition
number defined in Section 1.2.5). A similar result holds for relative changes in the entries
of the matrix A. If Ax = b and
(A+ E)x =0,
then
x—&=A1(b—Az)= A" 'Ez,
so that
1Az] < A7 (1B - [|12]),

which yields the estimate
[Az|

[ed|

1E|
ond(A) Al
As an alternative to the algebraic derivations just given, calculus can be used to estimate
the sensitivity of linear systems. Introducing the real-valued parameter ¢, we define A(t) =
A +tE and b(t) = b+ tAb, and consider the solution x(t) to the linear system A(t)x(t) =

b(t). Differentiating this equation with respect to ¢, we obtain

A'(Wz(t) + A(t)x'(t) = b/ (t),

so that we have
z'(t) = —AT (DA (t)z(t) + AN Y (1),

and hence, evaluating at ¢ = 0 and taking norms,

[Eal

b/ AI b/
<A A+ A L2 < conaay (141 ).

edl [Ed| Al [l
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Thus, we again see that the relative change in the solution is bounded by the condition
number times the relative change in the problem data.

A geometric interpretation in two dimensions of these sensitivity results is that if the two
straight lines defined by the two equations are nearly parallel, then their point of intersection
is not sharply defined if the lines are a bit fuzzy because of rounding errors or other sources
of error. If, on the other hand, the lines are far from parallel, say nearly perpendicular, then
their intersection is relatively sharply defined. These two cases are illustrated in Fig. 2.2,
where the dashed lines indicate the region of uncertainty for each solid line, so that the
intersection point in each case could be anywhere within the shaded parallelogram. Thus,
a large condition number is associated with a large uncertainty in the solution.

well-conditioned ill-conditioned

Figure 2.2: Well-conditioned and ill-conditioned linear systems.

To summarize, if the input data are accurate to machine precision, then a reasonable
estimate for the relative error in the computed solution to a linear system is given by

One simple way of interpreting these results is that the computed solution loses about
log;y(cond(A)) decimal digits of accuracy relative to the accuracy of the input. In Exam-
ple 2.10, for instance, with a condition number greater than 103, we lost all of the three-digit
precision available and obtained an arbitrary solution.

Before leaving the subject of assessing accuracy in terms of condition numbers, note
these two caveats:

e The foregoing analysis estimates the relative error in the largest components of the solu-
tion vector. The relative error in the smaller components can be much larger, because a
vector norm is dominated by the largest components of a vector. Componentwise error
bounds can be obtained but are somewhat more complicated to compute, and we will not
pursue this topic. Componentwise bounds are of particular interest when the system is
poorly scaled.

e The condition number of a matrix is affected by the scaling of the matrix (recall Ex-
ample 2.3). A large condition number can result simply from poor scaling, as well as
from near singularity. Rescaling the matrix can help the former, but not the latter (see
Section 2.4.3).
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2.4.3 Improving Accuracy

Although the accuracy that can be expected in the solution of a linear system may seem set
in concrete, accuracy can be enhanced in some cases by rescaling the system or by iteratively
improving the initial computed solution. These measures are not always practicable, but
they may be worth trying.

Recall from Example 2.3 that diagonal scaling of a linear system leaves the solution either
unchanged (row scaling) or changed in such a way that the solution is easily recoverable
(column scaling). In practice, however, scaling affects the conditioning of the system and
the selection of pivots in Gaussian elimination, both of which in turn affect the accuracy
of the computed solution. Thus, row scaling and column scaling of a linear system can
potentially improve (or degrade) numerical stability and accuracy.

Accuracy is usually enhanced if all the entries of the matrix have about the same order
of magnitude or, better still, if the uncertainties in the matrix entries are all of about the
same size. Sometimes it is obvious by inspection how to scale the matrix to accomplish such
balance by the choice of measurement units for the respective variables and by weighting
each equation according to its relative importance and accuracy. No general automatic
technique has ever been developed, however, that produces optimal scaling in an efficient
and foolproof manner. Moreover, the scaling process itself can introduce rounding errors
unless care is taken (for example, by using only powers of the arithmetic base as scaling
factors).

Example 2.11 Scaling. As a simple example, the linear system

1 0 Tl . 1
o <] (2= L
has condition number 1/e¢ and hence is very ill-conditioned if € is very small. This ill-
conditioning means that small perturbations in the input data can cause relatively large
changes in the solution. For example, perturbing the right-hand side by the vector [0 —e ]T
changes the solution from [1 1] to [1 0]7. If the second row is first multiplied by 1/e,
however, then the system becomes perfectly well-conditioned, and the same perturbation
now produces a commensurately small change in the solution. Thus, the apparent ill-

conditioning was due purely to poor scaling. Unfortunately, how to correct poor scaling for
general matrices is much less obvious.

Iterative refinement is another means of potentially improving the accuracy of a com-
puted solution. Given an approximate solution @i to the linear system Az = b, compute
the residual

T = b—A.’El.

Now solve the linear system
AZ1 =T

and take

o=+ 2
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as a new and “better” approximate solution, since
Axy = A(ml —{—21) = Ax| + Az = (b — 7“1) +7r1=>.

This process can be repeated to refine the solution successively until convergence, potentially
producing a solution that is accurate to full machine precision.

Unfortunately, iterative refinement requires double the storage, since both the original
matrix and its LU factorization are required (to compute the residual and to solve the
subsequent systems, respectively). Moreover, for iterative refinement to produce meaningful
improvement in the solution, the residual must usually be computed with higher precision
than that used in computing the initial solution (recall Example 1.13).

For these reasons, iterative improvement is often impractical to use routinely, but it can
still be useful in some circumstances. For example, iterative refinement can recover full
accuracy for systems that are badly scaled, and can sometimes stabilize solution methods
that are otherwise potentially unstable. Ironically, if the initial solution is relatively poor,
then the residual may be large enough to be computed without requiring extra precision.
We will return to iterative refinement later in Example 11.6.

2.5 Special Types of Linear Systems

Thus far we have assumed that the linear system has a general matrix and is dense, mean-
ing that essentially all of the matrix entries are nonzero. If the matrix has some special
properties, then work and storage can often be saved in solving the linear system. Some
examples of special properties that can be exploited include the following:

Symmetric: A = AT ie., a;; = aj; for all 7, j.

Positive definite: 7 Ax > 0 for all x # o.

Band: a;; = 0 for all |i — j| > (3, where 3 is the bandwidth of A. An important special
case is a tridiagonal matriz, for which g = 1.

e Sparse: most entries of A are zero.

Techniques for handling symmetric and band systems are relatively straightforward varia-
tions on Gaussian elimination for dense systems. Sparse linear systems with more general
nonzero patterns, on the other hand, require more sophisticated algorithms and data struc-
tures in order to avoid storing or operating on the zeros in the matrix (see Section 11.4.1).

The properties just defined for real matrices have analogues for complex matrices, but
in the complex case the ordinary matrix transpose is replaced by the conjugate transpose,
denoted by a superscript H. If v = a + i3 is a complex number, where o and § are real
numbers and i = /—1, then its complex conjugate is defined by ¥ = o« — i3. The conjugate
transpose of a matrix A is then given by {Af};; = @j;. Of course, for a real matrix A,
A = AT A complex matrix is Hermitian if A = A" and positive definite if £/ Az > 0
for all complex vectors  # o.

2.5.1 Symmetric Positive Definite Systems

If the matrix A is symmetric and positive definite, then an LU factorization can be arranged
so that U = LT, that is, A = LLT, where L is lower triangular and has positive diagonal
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entries (but not, in general, a unit diagonal). This is known as the Cholesky factorization of
A, and an algorithm for computing it can be derived simply by equating the corresponding
entries of A and LL” and then generating the entries of L in the correct order. In the 2 x 2
case, for example, we have

[an a21] _ [ln 0 ] [ln 121]
a1 a2 lar l22 0 oo’
which implies that

_ _ _ 2
lin = Vair, o =a/lin, o =1/axn —15.

One way to write the resulting general algorithm, in which the Cholesky factor L overwrites
the original matrix A, is as follows:

for j=1ton { for each column j }
fork=1toj—1 { loop over all prior columns & }
fori=jton { subtract a multiple of
aij = Qij — Qi * Qg column k from column j }
end
end
ajj = /a5
fork=j+1ton { scale column j by square
ap; = agj/aj; root of diagonal entry }
end
end

A number of facts about the Cholesky factorization algorithm make it very attractive and
popular for symmetric positive definite matrices:

e The n square roots required are all of positive numbers, so the algorithm is well-defined.

e No pivoting is required for numerical stability.

e Only the lower triangle of A is accessed, and hence the upper triangular portion need
not be stored.

e Only about n3/6 multiplications and a similar number of additions are required.

Thus, Cholesky factorization requires only about half as much work and half as much
storage as are required for LU factorization of a general matrix by Gaussian elimination.
Unfortunately, taking advantage of this gain in storage usually requires that one triangle of
the symmetric matrix be packed into a one-dimensional array, which is less convenient than
the usual two-dimensional storage for a matrix. For this reason, linear algebra software
packages commonly offer both packed storage and standard two-dimensional array storage
versions for symmetric matrices so that the user can choose between convenience and storage
conservation.

In some circumstances it may be advantageous to express the Cholesky factorization in
the form A = LDL”, where L is unit lower triangular and D is diagonal with positive
diagonal entries. Such a factorization can be computed by a simple variant of the standard
Cholesky algorithm, and it has the advantage of not requiring any square roots. The
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diagonal entries of D in the LDL” factorization are simply the squares of the diagonal
entries of L in the LLT factorization.

Example 2.12 Cholesky Factorization. To illustrate the algorithm, we compute the
Cholesky factorization of the symmetric positive definite matrix

5.0 0 25
A=|0 25 0
25 0 2125

The successive transformations of the lower triangle of the matrix will be shown, as the
algorithm touches only this portion of the matrix. The first column has no prior columns,
so it is merely scaled by the square root of the diagonal entry, v/5, to give

2.236
0 2.5
1.118 0 2.125

The second column now requires updating by subtracting a multiple of the first column.
But in this case the multiplier in the second row of the first column is zero, so that the
second column is unaffected by the first column. Thus, the second column is simply scaled
by the square root of its diagonal entry, v/2.5, to give

2.236
0 1.581
1.118 0 2.125

Finally, the third column must be updated by subtracting multiples of the previous two
columns. The multipliers for the first two columns, found in the third row, are 1.118 and
zero, respectively. Updating the third column accordingly gives

2.236
0 1.581
1.118 0 0.875

Taking the square root of the third diagonal entry then yields the final result

2.236
L= 0 1.581
1.118 0 0.935

2.5.2 Symmetric Indefinite Systems

If the matrix A is symmetric but indefinite (i.e., 7 Az can take on both positive and
negative values), then Cholesky factorization is not applicable, and some form of pivoting is
generally required for numerical stability. Obviously, any pivoting must be symmetric—of
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the form PAP”, where P is a permutation matrix—if the symmetry of the matrix is to
be preserved.

We would like to obtain a factorization of the form PAPT = LDL", where L is unit
lower triangular and D is diagonal. Unfortunately, such a factorization, with diagonal D,
may not exist, and in any case it generally cannot be computed stably using only symmetric
pivoting. The best we can do is to take D to be either tridiagonal or block diagonal with
1 x 1 and 2 x 2 diagonal blocks. (A block matrix is a matrix whose entries are partitioned
into submatrices, or “blocks,” of compatible dimensions. In a block diagonal matrix, all of
these submatrices are zero except those on the main block diagonal.)

Efficient algorithms have been developed by Aasen for the tridiagonal factorization, and
by Bunch and Parlett (with subsequent improvements in the pivoting procedure by Bunch
and Kaufman) for the block diagonal factorization (see [104]). In either case, the pivoting
procedure yields a stable factorization that requires only about n3/6 multiplications and a
similar number of additions. Also, in either case, the subsequent solution phase requires
only O(n?) work. Thus, the cost of solving symmetric indefinite systems is similar to that
for positive definite systems using Cholesky factorization, and only about half the cost for
nonsymmetric systems using Gaussian elimination.

2.5.3 Band Systems

Gaussian elimination for band matrices differs little from the general case—the only al-
gorithmic changes are in the ranges of the loops. Of course, one should also use a data
structure for a band matrix that avoids storing zero entries. A common choice when the
band is dense is to store the matrix in a two-dimensional array by diagonals. If pivoting is
required for numerical stability, then the algorithm becomes slightly more complicated in
that the bandwidth can grow (but no more than double). Thus, a general-purpose band
solver for arbitrary bandwidth is very similar to a code for Gaussian elimination for general
matrices.

For a fixed small bandwidth, however, a band solver can be extremely simple, especially
if pivoting is not required for stability. Consider, for example, the tridiagonal matrix

rby 0 0 7
az by e :
A=|¢o . 0
: . Ap—1 bp_1 cna
LO - 0 an, by, |

If pivoting is not required for stability, which is often the case for tridiagonal systems arising
in practice (e.g., if the matrix is diagonally dominant or positive definite), then Gaussian
elimination reduces to the following simple algorithm:

dy = b
fori=2ton

m; = a;/di—1

d; = b; —mjc;_1
end
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and the resulting LU factorization of A is given by

m 1 0 e 0T rd; ¢ O 0 1
my 1 S 0 dy o . .

: - mp—1 1 0 : o dp1 Cp—1
L0 .- 0 m, 1| 0 - .0 d, |

In general, a band system of bandwidth (§ requires only O(fn) storage, and the fac-
torization requires only O(3%n) work, both of which represent substantial savings over full
systems if 8 < n.

2.6 Iterative Methods for Linear Systems

Gaussian elimination is an example of a direct method for solving linear systems, i.e., one
that produces the exact solution (assuming exact arithmetic) to a linear system in a finite
number of steps. Iterative methods for solving linear systems begin with an initial estimate
for the solution and successively improve it until the solution is as accurate as desired. In
theory, an infinite number of iterations might be required to converge to the exact solution,
but in practice the iterations terminate after the residual ||b — Ax||, or some other measure
of error, is as small as desired. For some types of problems, iterative methods may have
significant advantages over direct methods. Iterative methods for solving linear systems
will be postponed until Chapter 11, where we consider the numerical solution of partial
differential equations, which leads to sparse linear systems that are often best solved by
iterative methods.

2.7 Software for Linear Systems

Almost any software library for scientific computing contains routines for solving linear
systems of various types. Table 2.1 is a list of appropriate routines for solving real, general,
dense linear systems, and also for estimating the condition number, in some widely available
software collections. Some packages use different prefixes or suffixes in the routine names
to indicate the data type, typically s for single-precision real, d for double-precision real, c
for single-precision complex, and z for double-precision complex; only the single-precision
real versions are listed here. In most such subroutine libraries, more specialized routines are
available for particular types of linear systems, such as positive definite, symmetric, banded,
or combinations of these. Some of these routines are listed in Table 2.2; other routines that
are more storage efficient or cater to other special tasks may also be available.
Conventional software for solving linear systems Ax = b is sometimes implemented as
a single routine, or it may be split into two routines: one for computing a factorization and
another for solving the resulting triangular system. In either case, repeating the factoriza-
tion should not be necessary if additional solutions are needed with the same matrix but
different right-hand sides. The input typically required includes a two-dimensional array
containing the matrix A, a one-dimensional array containing the right-hand-side vector b
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Table 2.1: Software for solving general linear systems

Condition
Source Factor  Solve estimation
FMM decomp solve
HSL ma2l ma2l
IMSL lftrg 1fsrg 1lfcrg
KMN sgefs sgefs sgefs
LAPACK  sgetrf sgetrs sgecon
LINPACK sgefa  sgesl sgeco
MATLAB 1lu \ rcond
NAG fO7adf £f07aef £f07agf
NAPACK  fact solve con
NR ludcmp 1lubksb
NUMAL dec sol
SLATEC sgefa  sgesl sgeco

Table 2.2: Software for solving special linear systems

Symmetric Symmetric General

Source positive definite indefinite band

HSL ma22 ma29 ma35

IMSL 1ftds/1fsds 1ftsf/1fssf 1ftrb/1fsrb
LAPACK  spotrf/spotrs ssytrf/ssytrs sgbtrf/sgbtrs
LINPACK spofa/sposl ssifa/ssisl sgbfa/sgbsl
NAG fO7fdf/f07fef fO07mdf/£07mef f07bdf/£07bef
NAPACK  sfact/ssolve ifact/isolve bfact/bsolve
NR choldc/cholsl bandec/banbks
NUMAL chldec2/chlsol2 decsym2/solsym2 decbnd/solbnd
SLATEC  spofa/sposl ssifa/ssisl sgbfa/sgbsl
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(or a two-dimensional array for multiple right-hand-side vectors), the integer order of the
system n, the leading dimension of the array containing A (so that the subroutine can
interpret subscripts properly in the array), and possibly some work space and a flag indi-
cating the particular task to be performed. On return, the solution & usually overwrites the
storage for b, and the matrix factorization overwrites the storage for A. Additional output
may include a status flag to indicate any errors or warnings and an estimate of the condition
number of the matrix (or sometimes the reciprocal of the condition number). Because of
the additional cost of condition estimation, this feature is usually optional.

Solving linear systems using an interactive environment such as MATLAB is simpler than
when using conventional software because the package keeps track internally of details such
as the dimensions of vectors and matrices, and many matrix operations are built into the
syntax and semantics of the language. For example, the solution to the linear system
Ax = b is given in MATLAB by the “left division” operator, denoted by backslash, so that
x = A\ b. Internally, the solution is computed by LU factorization and forward- and back-
substitution, but the user need not be aware of this. The LU factorization can be computed
explicitly, if desired, by the MATLAB 1lu function, [L, U] = 1lu(A).

2.7.1 LINPACK and LAPACK

LINPACK is a standard software package for solving a wide variety of systems of linear
equations, both general dense systems and those having various special properties, such as
symmetric or banded. Solving linear systems is of such fundamental importance in scientific
computing that LINPACK has become a standard benchmark for comparing the performance
of computers. The LINPACK manual [63] is a useful source of practical advice on solving
systems of linear equations.

A more recent package called LAPACK updates the entire LINPACK collection for higher
performance on modern computer architectures, including some parallel computers. In
many cases, the newer algorithms in LAPACK also achieve greater accuracy, robustness,
and functionality than their predecessors in LINPACK. LAPACK includes both simple and
expert drivers for all of the major computational problems in linear algebra, as well as the
many underlying computational and auxiliary routines required for various factorizations,
triangular solutions, norm estimation, scaling, and iterative refinement. Both LINPACK and
LAPACK are available from netlib, and the linear system solvers in many other libraries and
packages are based directly on them.

2.7.2 Basic Linear Algebra Subprograms

The high-level routines in LINPACK and LAPACK are based on lower-level Basic Linear Algebra
Subprograms (BLAS). The BLAS were originally designed to encapsulate basic operations on
vectors so that they could be optimized for a given computer architecture while the high-
level routines that call them remain portable. New computer architectures have prompted
the development of higher-level BLAS that encapsulate matrix-vector and matrix-matrix
operations for better utilization of hierarchical memory such as cache, vector registers, and
virtual memory with paging. A few of the most important BLAS routines of each level are
listed in Table 2.3.
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The key to good performance is data reuse, that is, performing as many arithmetic
operations as possible involving a given data item while it is held in the portion of the
memory hierarchy with the most rapid access. The level-3 BLAS have greater opportunity
for data reuse because they perform O(n?) operations on O(n?) data items, whereas in
the lower-level BLAS the number of operations is proportional to the number of data items.
Generic versions of the BLAS are available from netlib, and many computer vendors provide
custom versions that are optimized for highest performance on their particular systems.

Table 2.3: Examples of basic linear algebra subprograms (BLAS)
Level TOMS # Work Examples Function

1 539 O(n) saxpy Scalar times vector plus vector
sdot Inner product of two vectors
snrm?2 Euclidean norm of a vector

2 656 O(n?) sgemv Matrix-vector multiplication
strsv Triangular solution
sger Rank-one update

3 679 O(n?®) sgemm Matrix-matrix multiplication
strsm Multiple triangular solutions
ssyrk Rank-k update

2.8 Historical Notes and Further Reading

Elimination methods for solving systems of linear equations date from the nineteenth cen-
tury and earlier. Their careful error analysis, however, began only with the computer era.
Indeed, a grave concern of the early pioneers of digital computation, such as von Neumann
and Turing, was whether accumulated rounding error in solving large linear systems by
Gaussian elimination would render the results useless, and initially there was considerable
pessimism on this score. Computational experience soon showed that the method was
surprisingly stable and accurate in practice, however, and analyses eventually followed to
explain this good fortune (see especially the work of Wilkinson [273, 274, 275]).

As it turns out, Gaussian elimination with partial pivoting has a worse than optimal
operation count [248], is unstable in the worst case [273], and in a theoretical sense cannot
be implemented efficiently in parallel [264]. Yet it is consistently effective in practice,
even on parallel computers, and is one of the principal workhorses of scientific computing.
Most numerical algorithms obey Murphy’s law—“if anything can go wrong, it will”—but
Gaussian elimination seems to be a happy exception. For further discussion of some of the
“mysteries” of this remarkable algorithm, see [257].

For background on linear algebra, the reader may wish to consult the excellent text-
books by Strang [244, 246]. Additional examples, exercises, and practical applications of
computational linear algebra can be found in [127, 171]. The definitive reference on matrix
computations is [104]. More tutorial treatments include [49, 96, 116, 138, 239, 258, 268]. An
influential early work on solving linear systems, and one of the first to include high-quality
software, is [83]. A useful tutorial handbook on matrix computations, both in Fortran and
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MATLAB, is [42].

For a comprehensive treatment of error analysis and perturbation theory for linear sys-
tems and many other problems in linear algebra, see [126, 241]. An overview of condition
number estimation is given in [124]. A detailed survey of componentwise (as opposed to
normwise) perturbation theory in linear algebra is given in [125]. LINPACK and LAPACK are
documented in [63] and [8], respectively. For the BLAS (Basic Linear Algebra Subprograms)
see [61, 62, 164]. One of the earliest papers to examine the effect of the computing environ-
ment on the performance of Gaussian elimination and other matrix computations was [177].
For a sample of the now large literature on this topic, see [55, 64, 65, 194].

Review Questions

2.1 True or false: If a matrix A is nonsin-
gular, then the number of solutions to the lin-
ear system Ax = b depends on the particular
choice of right-hand-side vector b.

2.2 True or false: If a matrix has a very small
determinant, then the matrix is nearly singu-
lar.

2.3 True or false: If a triangular matrix has
a zero entry on its main diagonal, then the
matrix is necessarily singular.

2.4 True or false: If a matrix has a zero en-
try on its main diagonal, then the matrix is
necessarily singular.

2.5 True or false: An underdetermined sys-
tem of linear equations Ax = b, where A is
an m X n matrix with m < n, always has a
solution.

2.6 True or false: The product of two upper
triangular matrices is upper triangular.

2.7 True or false: The product of two sym-
metric matrices is symmetric.

2.8 True or false: The inverse of a nonsingu-
lar upper triangular matrix is upper triangu-
lar.

2.9 True or false: If the rows of an n X n
matrix A are linearly dependent, then the
columns of the matrix are also linearly depen-
dent.

2.10 True or false: A system of linear equa-
tions Ax = b has a solution if and only if the
m xn matrix A and the augmented m x (n+1)
matrix [A  b] have the same rank.

2.11 True or false: If A is any n X n matrix
and P is any n X n permutation matrix, then
PA=AP.

2.12 True or false: Provided row interchanges
are allowed, the LU factorization always exists,
even for a singular matrix A.

2.13 True or false: If a linear system is well-
conditioned, then pivoting is unnecessary in
Gaussian elimination.

2.14 True or false: If a matrix is singular then
it cannot have an LU factorization.

2.15 True or false: If a nonsingular symmetric
matrix is not positive definite, then it cannot
have a Cholesky factorization.

2.16 True or false: A symmetric positive def-
inite matrix is always well-conditioned.

2.17 True or false: Gaussian elimination
without pivoting fails only when the matrix
is ill-conditioned or singular.

2.18 True or false: Once the LU factorization
of a matrix A has been computed to solve a
linear system Ax = b, then subsequent lin-
ear systems with the same matrix but different
right-hand-side vectors can be solved without
refactoring the matrix.

2.19 True or false: In explicitly inverting a
matrix by LU factorization and triangular so-
lution, the majority of the work is due to the
factorization.

2.20 True or false: If « is any n-vector, then
2] = [[2]loc-
2.21 True or false: The norm of a singular
matrix is zero.

2.22 True or false: If | Al = 0, then A = O.
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2.23 True or false: | Al = |A7 ]| o0-

2.24 True or false: If A is any n X n nonsin-
gular matrix, then cond(A) = cond(A~1).

2.25 True or false: In solving a nonsingular
system of linear equations, Gaussian elimina-
tion with partial pivoting usually yields a small
residual even if the matrix is ill-conditioned.

2.26 True or false: Since the multipliers in
Gaussian elimination with partial pivoting are
bounded by 1 in magnitude, the elements of
the successive reduced matrices cannot grow
in magnitude.

2.27 Can a system of linear equations Az = b
have exactly two distinct solutions?

2.28 Can the number of solutions to a linear
system Ax = b ever be determined solely from
the matrix A without knowing the right-hand-
side vector b?

2.29 In solving a square system of linear equa-
tions Ax = b, which would be a more serious
difficulty: that the rows of A are linearly de-
pendent, or that the columns of A are linearly
dependent? Explain.

2.30 (a) State one defining property of a sin-
gular matrix A.

(b) Suppose that the linear system Ax = b
has two distinct solutions  and y. Use the
property you gave in part a to prove that A
must be singular.

2.31 Given a nonsingular system of linear
equations Ax = b, what effect on the solu-
tion vector « results from each of the following
actions?

(a) Permuting the rows of [A b]

(b) Permuting the columns of A

(¢) Multiplying both sides of the equation from
the left by a nonsingular matrix M

2.32 Suppose that both sides of a system of
linear equations Ax = b are multiplied by a
nonzero scalar «.

(a) Does this change the true solution x?

(b) Does this change the residual vector r =
b — Ax for a given x?

(¢) What conclusion can be drawn about as-
sessing the quality of a computed solution?

2.33 Suppose that both sides of a system of
linear equations Ax = b are premultiplied by
a nonsingular diagonal matrix.

(a) Does this change the true solution x?

(b) Can this affect the conditioning of the sys-
tem?

(¢) Can this affect the choice of pivots in Gaus-
sian elimination?

2.34 With a singular matrix and the use of ex-
act arithmetic, at what point will the solution
process break down in solving a linear system
by Gaussian elimination

(a) With partial pivoting?

(b) Without pivoting?

2.35 (a) What is the difference between par-
tial pivoting and complete pivoting in Gaus-
sian elimination?

(b) State one advantage of each type of pivot-
ing relative to the other.

2.36 Consider the following matrix A, whose
LU factorization we wish to compute using
Gaussian elimination:

4 =8 1
A= 16 5 7
0 —-10 -3

What will the initial pivot element be if

(a) No pivoting is used?

(b) Partial pivoting is used?

(¢) Complete pivoting is used?

2.37 Give two reasons why pivoting is essen-

tial for a numerically stable implementation of
Gaussian elimination.

2.38 If A is an ill-conditioned matrix, and
its LU factorization is computed by Gaussian
elimination with partial pivoting, would you
expect the ill-conditioning to be reflected in
L, in U, or both? Why?

2.39 (a) What is the inverse of the following
matrix?

1 0 0 O
0 1 00
0 mq 1 0
0 mao 0 1

(b) How might such a matrix arise in compu-
tational practice?
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2.40 (a) Can every nonsingular n x n matrix
A be written as a product, A = LU, where L
is a lower triangular matrix and U is an upper
triangular matrix?

(b) If so, what is an algorithm for accomplish-
ing this? If not, give a counterexample to il-
lustrate.

2.41 Given an n X n nonsingular matrix A
and a second n x n matrix B, what is the best
way to compute the n x n matrix A~'B?

2.42 If A and B are n X n matrices, with A
nonsingular, and ¢ is an n-vector, how would
you efficiently compute the product A~ Bc?

2.43 If A is an n X n matrix and x is an n-
vector, which of the following computations re-
quires less work? Explain.

(0) y=(za’) A
(b) y== (" A)

2.44 How does the computational work in
solving an n X n triangular system of linear
equations compare with that for solving a gen-
eral n X n system of linear equations?

2.45 Assume that you have already computed
the LU factorization, A = LU, of the nonsin-
gular matrix A. How would you use it to solve
the linear system ATz = b?

2.46 If L is a nonsingular lower triangular
matrix, P is a permutation matrix, and b is
a given vector, how would you solve each of
the following linear systems?

(a¢) LPz =b
(b)) PLx =b
2.47 In the plane R?, is it possible to have a

vector & # o such that ||z|;1 = ||z||.? If so,
give an example.

2.48 In the plane R2, is it possible to have
two vectors  and y such that ||z|1 > |y|l1,
but |Z]eo < ||[Y[lec? If SO, give an example.

2.49 In general, which matrix norm is easier
to compute, ||Al|; or ||A[|2? Why?

2.50 (a) Is the magnitude of the determinant
of a matrix a good indicator of whether the
matrix is nearly singular?

(b) If so, why? If not, what is a better indica-
tor of near singularity?
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2.51 (a) How is the condition number of a
matrix A defined for a given matrix norm?

(b) How is the condition number used in esti-
mating the accuracy of a computed solution to
a linear system Ax = b?

2.52 Why is computing the condition number
of a general matrix a nontrivial problem?

2.53 Give an example of a 3 x 3 matrix A,
other than the identity matrix I, such that
cond(A) = 1.

2.54 Suppose that the n x n matrix A is
perfectly well-conditioned, i.e., cond(A) = 1.
Which of the following matrices would then
necessarily share this same property?

(a) cA, where ¢ is any nonzero scalar

(b) DA, where D is any nonsingular diagonal
matrix

(¢) PA, where P is any permutation matrix
(d)
(e) A1, the inverse of A

(f) AT, the transpose of A

2.55 Let A = diag(3) be an n x n diagonal
matrix with all its diagonal entries equal to %
(a) What is the value of det(A)?

(b) What is the value of cond(A)?

(¢) What conclusion can you draw from these
results?

BA, where B is any nonsingular matrix

2.56 Suppose that the n x n matrix A is ex-
actly singular, but its floating-point represen-
tation, fl(A), is nonsingular. In this case, what
would you expect the order of magnitude of the
condition number cond(fl(A)) to be?

2.57 Classify each of the following matrices as
well-conditioned or ill-conditioned:

(1010 0
(G,) 0 10—10 :|

[10%0 0
(b) 0 1010:|

(¢) [10-10 0
0 10710

o 37
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2.58 Which of the following are good indica-
tors that a matrix is nearly singular?

(a) Tts determinant is small.
(b) Tts norm is small.
(¢) Its norm is large.

(d) Its condition number is large.

2.59 In a floating-point system having 10 dec-
imal digits of precision, if Gaussian elimination
with partial pivoting is used to solve a linear
system whose matrix has a condition number
of 103, and whose input data are accurate to
full machine precision, about how many digits
of accuracy would you expect in the solution?

2.60 Assume that you are solving a system of
linear equations Ax = b on a computer whose
floating-point number system has 12 decimal
digits of precision, and that the problem data
are correct to full machine precision. About
how large can the condition number of the ma-
trix A be before the computed solution x will
contain no significant digits?

2.61 Under what circumstances does a small
residual vector » = b — Ax imply that x is an
accurate solution to the linear system Ax = b?

2.62 Let A be an arbitrary square matrix and
¢ an arbitrary scalar. Which of the following
statements must necessarily hold?

(a) [leAll = [e] - [ All
(b) cond(cA) = |c| - cond(A).
2.63 (a) What is the main difference between

Gaussian elimination and Gauss-Jordan elim-
ination?

(b) State one advantage of each type of elimi-
nation relative to the other.

2.64 Rank the following methods according to
the amount of work required for solving a gen-
eral system of linear equations of order n:

(a) Gauss-Jordan elimination

(b) Gaussian elimination with partial pivoting
(¢) Cramer’s rule

(d) Explicit matrix inversion followed by

matrix-vector multiplication

2.65 (a) How much storage is required to
store an n x n matrix of rank one efficiently?

(b) How many arithmetic operations are re-
quired to multiply an n-vector by an n x n
matrix of rank one efficiently?

2.66 In a comparison of ordinary Gaussian
elimination with Gauss-Jordan elimination for
solving a linear system Ax = b,

(@) Which has a more expensive factorization?
(b) Which has a more expensive back-
substitution?

(¢) Which has a higher cost overall?

2.67 For each of the following elimination al-
gorithms for solving linear systems, is there
any pivoting strategy that can guarantee that
all of the multipliers will be at most 1 in abso-
lute value?

(a) Gaussian elimination

(b) Gauss-Jordan elimination

2.68 What two properties of a matrix A to-
gether imply that A has a Cholesky factoriza-
tion?

2.69 List three advantages of Cholesky factor-
ization compared with LU factorization.

2.70 How many square roots are required to
compute the Cholesky factorization of an nxn
symmetric positive definite matrix?

2.71 Let A = {a;;} be an n x n symmetric
positive definite matrix.

(a) What is the (1,1) entry of its Cholesky
factor L?

(b) What is the (n,1) entry of its Cholesky
factor L?

2.72 What is the Cholesky factorization of
the following matrix?

4 2

2 2
2.73 (a) Is it possible, in general, to solve a
symmetric indefinite linear system at a cost
similar to that for using Cholesky factoriza-

tion to solve a symmetric positive definite lin-
ear system?

(b) If so, what is an algorithm for accomplish-
ing this? If not, why?
2.74 Give two reasons why iterative improve-

ment for solutions of linear systems is often
impractical to implement.
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2.75 Suppose you have already solved the
n X n linear system Ax = b by LU factoriza-
tion and back-substitution. What is the fur-
ther cost (order of magnitude will suffice) of
solving a new system
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(a) With the same matrix A but a different
right-hand-side vector?

(b) With the matrix changed by adding a ma-
trix of rank one?

(¢) With the matrix A changed completely?

2.1 In Section 2.1.1, four defining properties
are given for a singular matrix. Show that
these four properties are indeed equivalent.

2.2 Suppose that each of the row sums of an
n X n matrix A is equal to zero. Show that A
must be singular.

2.3 Suppose that A is a singular n X n ma-
trix. Prove that if the linear system Axz = b
has at least one solution @, then it has in-
finitely many solutions.

2.4 (a) Show that the following matrix is
singular.

A=

— =
W N =
N = O

(M) Ifb=[2 4 6]", how many solutions are
there to the system Ax = b?

2.5 What is the inverse of the following ma-
trix?
1 0 0
A=1|1 -1 0
1 -
2.6 Let A be an n X n matrix such that
A? = 0, the zero matrix. Show that A must
be singular.

2.7 Let

. 1 1+e
A_[l—e 1 ]

(a) What is the determinant of A?

(b) In floating-point arithmetic, for what range
of values of € will the computed value of the
determinant be zero?

(¢) What is the LU factorization of A?
(d) In floating-point arithmetic, for what

range of values of ¢ will the computed value
of U be singular?

2.8 Let A and B be any two n X n matrices.
(a) Prove that (AB)T = BT AT.

(b) If A and B are both nonsingular, prove
that (AB)"! = B~ 1AL

2.9 Let A be any nonsingular matrix. Prove
that (A~HT = (AT)~!. For this reason, the
notation A= can be used unambiguously to
denote this matrix.

2.10 Let P be any permutation matrix.

(a) Prove that P~! = PT.

(b) Prove that P can be expressed as a prod-
uct of pairwise interchanges.

2.11 Write out a detailed algorithm for solv-
ing a lower triangular linear system Lz = b by
forward-substitution.

2.12 Verify that the dominant term in the
operation count (number of multiplications or
number of additions) for solving a lower trian-
gular system of order n by forward substitution
is n?/2.

2.13 How would you solve a partitioned linear
system of the form

5 2] []-L]

where L; and Lo are nonsingular lower tri-
angular matrices, and the solution and right-
hand-side vectors are partitioned accordingly?
Show the specific steps you would perform in
terms of the given submatrices and vectors.

2.14 Prove each of the four properties of el-
ementary elimination matrices enumerated in
Section 2.2.2.

2.15 (a) Prove that the product of two lower
triangular matrices is lower triangular.

(b) Prove that the inverse of a nonsingular
lower triangular matrix is lower triangular.
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2.16 (a) What is the LU factorization of the
following matrix?

1 a

c b

(b) Under what condition is this matrix singu-
lar?

2.17 Write out the LU factorization of the fol-
lowing matrix (show both the L and U matri-
ces explicitly):

1 -1 0
-1 2 -1
0 -1 1

2.18 Prove that the matrix
0 1
A= 1 o)
has no LU factorization, i.e., no lower triangu-

lar matrix L and upper triangular matrix U
exist such that A = LU.

2.19 Let A be an n X n nonsingular matrix.
Consider the following algorithm:

1. Scan columns 1 through n of A in succes-
sion, and permute rows, if necessary, so
that the diagonal entry is the largest en-
try in magnitude on or below the diagonal
in each column. The result is P A for some
permutation matrix P.

2. Now carry out Gaussian elimination with-
out pivoting to compute the LU factoriza-
tion of PA.

(a) Is this algorithm numerically stable?
(b) If so, explain why. If not, give a counterex-
ample to illustrate.

2.20 Prove that if Gaussian elimination with
partial pivoting is applied to a matrix A that
is diagonally dominant by columns, then no
row interchanges will occur.

2.21 If A, B, and C are n X n matrices, with
B and C nonsingular, and b is an n-vector,
how would you implement the formula

x=B '2A+I)(C '+ A

without computing any matrix inverses?

2.22 Verify that the dominant term in the
operation count (number of multiplications or
number of additions) for LU factorization of a
matrix of order n by Gaussian elimination is
n3/3.

2.23 Verify that the dominant term in the
operation count (number of multiplications or
number of additions) for computing the inverse
of a matrix of order n by Gaussian elimination
is n3.

2.24 Verify that the dominant term in the
operation count (number of multiplications or
number of additions) for Gauss-Jordan elimi-
nation for a matrix of order n is n3/2.

2.25 (a) If v and v are nonzero n-vectors,
prove that the n xn outer product matrix uv”
has rank one.

(b) If A is an nxn matrix such that rank(A) =
1, prove that there exist nonzero n-vectors u

and v such that A = uv?.

2.26 An n x n matrix A is said to be elemen-
tary if it differs from the identity matrix by a
matrix of rank one, i.e., if A = I — uv” for
some n-vectors v and v.

(a) If A is elementary, what condition on u
and v ensures that A is nonsingular?

(b) If A is elementary and nonsingular, prove
that A~! is also elementary by showing that
A7l =T — guv” for some scalar 0. What is
the specific value for o, in terms of w and v?

(¢) Is an elementary elimination matrix, as de-
fined in Section 2.2.2, elementary? If so, what
are u, v, and o in this case?

2.27 Prove that the Sherman-Morrison for-
mula
(A —uv’)™! =

A7 A w1 —vT A ) T AT

given in Section 2.2.8 is correct. (Hint: Mul-
tiply both sides by A — uvT.)

2.28 Prove that the Woodbury formula
A-Uvh =
A+ A 'vua-vialu)tvTaT!

given in Section 2.2.8 is correct. (Hint: Mul-
tiply both sides by A —UVT))
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2.29 Prove that the vector p-norms satisfy the
properties given in Section 2.3.1 for p = 1,2,
and oo.

2.30 Prove that the matrix p-norms satisfy
the properties given in Section 2.3.2 for p =1
and oo.

2.31 Let A be a symmetric positive definite
matrix. Show that the function

lzlla = (T Az)'/?

satisfies the three properties of a vector norm
given in Section 2.3.1. This vector norm is said
to be induced by the matrix A.

2.32 Show that the following functions sat-
isfy the first three properties of a matrix norm
given in Section 2.3.2 and hence are matrix
norms in the more general sense mentioned
there.

(a)

| Almax = ma.X|aij|
0,3

Note that this is simply tgle oo-norm of A con-
sidered as a vector in R™ .

(b)

1/2
[Alr = { > lay|?
i

Note that this is simply thg 2-norm of A con-
sidered as a vector in R™ . It is called the
Frobenius norm.

2.33 Prove or give a counterexample: If A is
a nonsingular matrix, then A~ = ||A|~!.

2.34 Suppose that A is a positive definite ma-
trix.

(a) Show that A must be nonsingular.

(b) Show that A~! must be positive definite.

2.35 Suppose that the matrix A has a factor-
ization of the form A = BBT, with B non-
singular. Show that A must be symmetric and
positive definite.

2.36 Derive an algorithm for computing the
Cholesky factorization LLT of an n x n sym-
metric positive definite matrix A by equating
the corresponding entries of A and LLT.
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2.37 Suppose that the symmetric matrix

a a’
oo 4]

of order n + 1 is positive definite.

(a) Show that the scalar oo must be positive
and the n X n matrix A must be positive defi-
nite.

(b) What is the Cholesky factorization of B in
terms of «, a, and the Cholesky factorization
of A?

2.38 Suppose that the symmetric matrix

A a
w2 2]

of order n + 1 is positive definite.

(a) Show that the scalar @ must be positive
and the n X n matrix A must be positive defi-
nite.

(b) What is the Cholesky factorization of B in
terms of the constituent submatrices?

2.39 Verify that the dominant term in the
operation count (number of multiplications or
number of additions) for Cholesky factoriza-
tion of a symmetric positive definite matrix of
order n is n?/6.

2.40 Let A be a band matrix with band-
width (3, and suppose that the LU factoriza-
tion PA = LU is computed using Gaussian
elimination with partial pivoting. Show that
the bandwidth of the upper triangular factor
U is at most 20.

2.41 Let A be a nonsingular tridiagonal ma-
trix.

(a) Show that in general A~! is dense.

(b) Compare the work and storage required in
this case to solve the linear system Ax = b
by Gaussian elimination and back-substitution
with those required to solve the system by ex-
plicit matrix inversion.

This example illustrates yet another reason
why explicit matrix inversion is usually a bad
idea.
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2.42 (a) Devise an algorithm for computing
the inverse of a nonsingular n x n triangular
matrix in place, i.e., with no additional array
storage.

(b) Is it possible to compute the inverse of a
general nonsingular n X n matrix in place? If
s0, sketch an algorithm for doing so, and if not,
explain why. For purposes of this exercise, you
may assume that pivoting is not required.

2.43 Suppose you need to solve the linear sys-
tem Cz = d, where C' is a complex n X n ma-

Computer Problems

trix and d and z are complex n-vectors, but
your linear equation solver handles only real
systems. Let C = A+ iB and d = b + ic,
where A, B, b, and c are real and i = /—1.
Show that the solution z = x + iy is given by
the 2n x 2n real linear system

5 A=l

Is this a good way to solve this problem? Why?

2.1 (a) Show that the matrix

0.1 02 03
A=104 05 0.6
0.7 0.8 0.9

is singular. Describe the set of solutions to the
system Ax = b if

0.1
b= 103
0.5

(b) If we were to use Gaussian elimination with
partial pivoting to solve this system using ex-
act arithmetic, at what point would the pro-
cess fail?

(¢) Since some of the entries of A are not ex-
actly representable in a binary floating-point
system, the matrix is no longer exactly singu-
lar when entered into a computer; thus, solv-
ing the system by Gaussian elimination will
not necessarily fail. Solve this system on a
computer using a library routine for Gaussian
elimination. Compare the computed solution
with your description of the solution set in part
a. If your software includes a condition estima-
tor, what is the estimated value for cond(A)?
How many digits of accuracy in the solution
would this lead you to expect?

2.2 (a) Use a library routine for Gaussian
elimination to solve the system Ax = b, where

2 4 -2 2
A=| 4 9 -3|, b= 8
-2 -1 7 10

(b) Use the LU factorization of A already com-
puted to solve the system Ay = ¢, where

4
c= 81,
—6

without refactoring the matrix.

(¢) If the matrix A changes so that aj 2 = 2,
use the Sherman-Morrison updating technique
to compute the new solution & without refac-
toring the matrix, using the original right-
hand-side vector b.

2.3 The following diagram depicts a plane
truss having 13 members (the numbered lines)
connected by 10 joints (the numbered circles).
The indicated loads, in tons, are applied at
joints 2, 5, and 6, and we wish to determine the
resulting force on each member of the truss.

For the truss to be in static equilibrium, there
must be no net force, horizontally or vertically,
at any joint. Thus, we can determine the mem-
ber forces by equating the horizontal forces to
the left and right at each joint, and similarly
equating the vertical forces upward and down-
ward at each joint. For the eight joints, this
would give 16 equations, which is more than
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the 13 unknown forces to be determined. For
the truss to be statically determinate, that is,
for there to be a unique solution, we assume
that joint 1 is rigidly fixed both horizontally
and vertically, and that joint 8 is fixed verti-
cally. Resolving the member forces into hor-
izontal and vertical components and defining
a = /2/2, we obtain the following system of
equations for the member forces f;:

Joint 2 : ;z z {?)

. af) = !
LR SR Sov
Joint 4 : ;i z gs
s s { o oo
Joint 6 : ;1(1) i 563
Joint 7 : fs +afo=ah:

ofo+ fii+afia=0
Joint 8 : { fiz+afio=0

Use a library routine to solve this system of
linear equations for the vector f of member
forces. Note that the matrix of this system
is quite sparse, so you may wish to experi-
ment with a band solver or more general sparse
solver, although this particular problem in-
stance is too small for these to offer significant
advantage over a general solver.

2.4 Write a routine for estimating the condi-
tion number of a matrix A. You may use either
the 1-norm or the oo-norm (or try both and
compare the results). You will need to com-
pute ||A||, which is easy, and estimate || A7,
which is more challenging. As discussed in Sec-
tion 2.3.3, one way to estimate ||[A7!| is to
pick a vector y such that the ratio ||z||/|y|| is
large, where z is the solution to Az = y. Try
two different approaches to picking y:

(a) Choose y as the solution to the system
ATy = ¢, where ¢ is a vector each of whose
components is +1, with the sign for each com-
ponent chosen by the following heuristic. Us-
ing the factorization A = LU, the system
ATy = ¢ is solved in two stages, successively
solving the triangular systems UTv = ¢ and
LTy = v. At each step of the first triangular
solution, choose the corresponding component
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of ¢ to be 1 or —1, depending on which will
make the resulting component of v larger in
magnitude. (You will need to write a custom
triangular solution routine to implement this.)
Then solve the second triangular system in the
usual way for y. The idea here is that any
ill-conditioning in A will be reflected in U, re-
sulting in a relatively large v. The relatively
well-conditioned unit triangular matrix L will
then preserve this relationship, resulting in a
relatively large y.

(b) Choose some small number, say, five, dif-
ferent vectors y randomly and use the one pro-
ducing the largest ratio ||z||/||y]|. (For this you
can use an ordinary triangular solution rou-
tine.)

You may use a library routine to obtain the
necessary LU factorization of A. Test your
program on the following matrices:

A {0.641 0.242} ’

0.321 0.121

10 =7 0
B=|-3 2 6
5 -1 5

How do the results using these two methods
compare? To check the quality of your esti-
mates, compute A~ explicitly to determine
its true norm (this computation can also make
use of the LU factorization already computed).
If you have access to linear equations software
that already includes a condition estimator,
how do your results compare with its?

2.5 (a) Use a single-precision routine for
Gaussian elimination to solve the system
Ax = b, where

21.0 67.0 88.0 73.0
A— 76.0 63.0 7.0 20.0
| 0.0 85.0 56.0 54.0 |’

19.3 43.0 30.2 294

141.0
109.0
218.0

93.7

b=

(b) Compute the residual » = b — Az using
double-precision arithmetic, if available (but
storing the final result in a single-precision vec-
tor 7). Note that the solution routine may
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destroy the array containing A, so you may
need to save a separate copy for computing
the residual. (If only one precision is available
in the computing environment you use, then
do all of this problem in that precision.)

(¢) Solve the linear system Az = r to obtain
the “improved” solution @ 4+ z. Note that A
need not be refactored.

(d) Repeat steps b and ¢ until no further im-
provement is observed.

2.6 An n x n Hilbert matrix H has entries
hij =1/(i+j — 1), so it has the form

1 1 1
I
it i1
3 4 5
For n = 2,3,..., generate the Hilbert ma-

trix of order n, and also generate the n-vector
b = Hx, where x is the n-vector with all of its
components equal to 1. Use a library routine
for Gaussian elimination (or Cholesky factor-
ization, since the Hilbert matrix is symmetric
and positive definite) to solve the resulting lin-
ear system Hx = b, obtaining an approximate
solution &. Compute the co-norm of the resid-
ual r = b — Hx and of the error Ax = & — x,
where « is the vector of all ones. How large
can you take n before the error is 100 percent
(i.e., there are no significant digits in the solu-
tion)? Also use a condition estimator to obtain
cond(H) for each value of n. Try to charac-
terize the condition number as a function of
n. As n varies, how does the number of cor-
rect digits in the components of the computed
solution relate to the condition number of the
matrix?

2.7 (a) What happens when Gaussian elimi-
nation with partial pivoting is used on a matrix
of the following form?

1 0 0 01
-1 1 0 0 1
-1 -1 1 0 1
-1 -1 -1 11
-1 -1 -1 -1 1

Do the entries of the transformed matrix grow?
What happens if complete pivoting is used in-
stead? (Note that part a does not require a
computer.)

(b) Use a library routine for Gaussian elimi-
nation with partial pivoting to solve various
sizes of linear systems of this form, using right-
hand-side vectors chosen so that the solution
is known. How do the error, residual, and con-
dition number behave as the systems become
larger? This artificially contrived system il-
lustrates the worst-case growth factor cited in
Section 2.4.1 and is not indicative of the usual
behavior of Gaussian elimination with partial
pivoting.

2.8 Multiplying both sides of a linear sys-
tem Az = b by a nonsingular diagonal matrix
D to obtain a new system DAx = Db sim-
ply rescales the rows of the system and in the-
ory does not change the solution. Such scaling
does affect the condition number of the matrix
and the choice of pivots in Gaussian elimina-
tion, however, so it may affect the accuracy
of the solution in finite-precision arithmetic.
Note that scaling can introduce some round-
ing error in the matrix unless the entries of
D are powers of the base of the floating-point
arithmetic system being used (why?).

Using a linear system with randomly chosen
matrix A, and right-hand-side vector b cho-
sen so that the solution is known, experiment
with various scaling matrices D to see what
effect they have on the condition number of
the matrix DA and the solution given by a
library routine for solving the linear system
DAx = Db. Be sure to try some fairly skewed
scalings, where the magnitudes of the diago-
nal entries of D vary widely (the purpose is
to simulate a system with badly chosen units).
Compare both the relative residuals and the
error given by the various scalings. Can you
find a scaling that gives very poor accuracy?
Is the residual still small in this case?

2.9 (a) Use Gaussian elimination without
pivoting to solve the linear system

e 1 r1 | |1l+e

11 ) o 2
for e = 1072%, k = 1,...,10. The exact solu-
tion is # = [1 1], independent of the value

of e. How does the accuracy of the computed
solution behave as the value of € decreases?
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(b) Repeat part a, still using Gaussian elimi-
nation without pivoting, but this time use one
iteration of iterative refinement to improve the
solution, computing the residual in the same
precision as the rest of the computations. Now
how does the accuracy of the computed solu-
tion behave as the value of € decreases?

2.10 Consider the linear system

1 1+e| x| [1+(1+e)
1—¢€ 1 To | 1 ’
where € is a small parameter to be specified.
The exact solution is obviously

1]

for any value of e.

Use a library routine based on Gaussian elim-
ination to solve this system. Experiment with
various values for €, especially values near
V/€mach for your computer. For each value of €
you try, compute an estimate of the condition
number of the matrix and the relative error
in each component of the solution. How accu-
rately is each component determined? How
does the accuracy attained for each compo-
nent compare with expectations based on the
condition number of the matrix and the error
bounds given in Section 2.4.27 What conclu-
sions can you draw from this experiment?

2.11 (a) Write programs implementing Gaus-
sian elimination with no pivoting, partial piv-
oting, and complete pivoting.

(b) Generate several linear systems with ran-
dom matrices (i.e., use a random number gen-
erator to obtain the matrix entries) and right-
hand sides chosen so that the solutions are
known, and compare the accuracy, residuals,
and performance of the three implementations.

(¢) Can you devise a (nonrandom) matrix for
which complete pivoting is significantly more
accurate than partial pivoting?

2.12 Write a routine for solving tridiagonal
systems of linear equations using the algorithm
given in Section 2.5.3 and test it on some sam-
ple systems. Describe how your routine would
change if you included partial pivoting. De-
scribe how your routine would change if the
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system were positive definite and you com-
puted the Cholesky factorization instead of the
LU factorization.

2.13 The determinant of a triangular matrix
is equal to the product of its diagonal entries.
Use this fact to develop a routine for comput-
ing the determinant of an arbitrary n x n ma-
trix A by using its LU factorization. You may
use a library routine for Gaussian elimination
with partial pivoting to obtain the LU factor-
ization, or you may design your own routine.
How can you determine the proper sign for the
determinant? To avoid risk of overflow or un-
derflow, you may wish to consider computing
the logarithm of the determinant instead of the
actual value of the determinant.

2.14 Write programs implementing matrix
multiplication C = AB, where A is m X n
and B is n X k, in two different ways:

(a) Compute the mk inner products of rows of
A with columns of B,

(b) Form each column of C as a linear combi-
nation of columns of A.

In BLAS terminology (see Section 2.7.2), the
first implementation uses sdot, whereas the
second uses saxpy. Compare the performance
of these two implementations on your com-
puter. You may need to try fairly large matri-
ces before the differences in performance be-
come significant. Find out as much as you can
about your computer system (e.g., cache size
and cache management policy), and use this
information to explain the results you observe.

2.15 Implement Gaussian elimination using
each of the six different orderings of the triple-
nested loop and compare their performance on
your computer. For purposes of this exercise,
you may ignore pivoting for numerical stabil-
ity, but be sure to use test matrices that do not
require pivoting. You may need to try a fairly
large system before the differences in perfor-
mance become significant. Find out as much
as you can about your computer system (e.g.,
cache size and cache management policy), and
use this information to explain the results you
observe.
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2.16 Both forward- and back-substitution
for solving triangular linear systems involve
nested loops whose two indices can be taken
in either order. Implement both forward- and
back-substitution using each of the two in-
dex orderings (a total of four algorithms), and
compare their performance for triangular test
matrices of various sizes. You may need to try
a fairly large system before the differences in
performance become significant. Is the best
choice of index orderings the same for both
algorithms? Find out as much as you can
about your computer system (e.g., cache size
and cache management policy), and use this
information to explain the results you observe.

2.17 Consider a horizontal cantilevered beam
that is clamped at one end but free along the
remainder of its length. A discrete model of
the forces on the beam yields a system of lin-
ear equations Ax = b, where the n X n matrix
A has the banded form

T 9 —4 1 0 - .- 07
—4 6 —4 1
1 4 6 -4 1
0 . o Tl el T 0 |>

0 - .- 0 1 -2 1

the n-vector b is the known load on the bar
(including its own weight), and the n-vector x
represents the resulting deflection of the bar

that is to be determined. We will take the bar
to be uniformly loaded, with b; = 1 for each
component of the load vector.

(a) Letting n = 100, solve this linear sys-
tem using both a standard library routine for
dense linear systems and a library routine de-
signed for band (or more general sparse) sys-
tems. How do the two routines compare in the
time required to compute the solution? How
well do the answers obtained agree with each
other?

(b) Verify that the matrix A has the UL fac-
torization A = RR”, where R is an upper
triangular matrix of the form

(2 -2 1 0 - 0
0 1 -2 1

0

1 -2 1

: . 1 -2
0 oo e e 0 1

Letting n = 1000, solve the linear system using
this factorization (two triangular solves will be
required). Also solve the system in its original
form using a band solver as in part a. How
well do the answers obtained agree with each
other? Which approach seems more accurate?
What is the condition number of A, and what
accuracy does it suggest that you should ex-
pect? Try iterative refinement to see if the
accuracy or residual improves for the less ac-
curate method.



Chapter 3

Linear Least Squares

What meaning should we attribute to a system of linear equations Ax = b if the matrix A
is not square? Since a nonsquare matrix cannot have an inverse, the system of equations
must have either no solution or a nonunique solution. Nevertheless, it is often useful to
define a unique vector x that satisfies the linear system in an approximate sense. In this
chapter we will see how such problems arise and consider methods for solving them.

Let A be an m x n matrix. We will be concerned primarily with the most commonly
occurring case, m > n, which is called overdetermined because there are more equations
than unknowns. Such a system usually has no exact solution in the usual sense. Later on
we will also briefly consider the underdetermined case, m < n, with fewer equations than
unknowns.

3.1 Data Fitting

Perhaps the most common source of overdetermined linear systems is data fitting, espe-
cially when the data have some random error associated with them, as do most empirical
laboratory measurements or other observations of nature. Given m data points (¢;,y;), we
wish to find the n-vector & of parameters that gives the “best fit” to the model function
f(t,x), where f:R"*1 — R. By best fit we mean

mwinZ(yi — f(ti, ))?,
=1

which is called a least squares solution because the sum of squares of differences between
model and data is minimized. Such a problem is usually known as regression analysis in
statistics. Note that the quantity being minimized is just the square of the Euclidean 2-
norm. Other norms, such as the 1-norm or co-norm, can be used instead, but they are less
convenient computationally and give different results with different statistical properties.

A least squares problem is linear if the function f is linear in the components of the
parameter vector &, which means that f is a linear combination

f(t,x) = 2101(t) + 22h2(t) + - - + 2P (t)

83



84 CHAPTER 3. LINEAR LEAST SQUARES

of functions ¢; that depend only on ¢.

Example 3.1 Data Fitting. Polynomial fitting, with
f(t,x) = z1 + zot + 23t + -+ 4 2, t" L,

is a linear least squares problem because a polynomial is linear in its coefficients x;, although
nonlinear in the independent variable t. An example of a nonlinear least squares data-fitting
problem is a sum of exponentials

f(t, :c) = xleizt + -4 xn_lexnt.

We will consider nonlinear least squares problems in Section 6.4, but in this chapter we
will confine our attention to linear least squares problems. We will be concerned only with
numerical algorithms for solving least squares problems. For the many important statistical
considerations in formulating least squares problems and in interpreting the results, consult
any book on regression analysis or multivariate statistics.

3.2 Linear Least Squares

A linear least squares data-fitting problem can be written in matrix notation as

where a;; = ¢;(t;) and b; = y;. For example, in fitting a quadratic polynomial, which has
three parameters, to the five data points (t1,91), ..., (t5,ys5), the matrix A is 5 x 3, and the
problem has the form

1t B 0
1ty 5| [x1 Y2
Ax = 1 t3 t% xTo ~ |y | = b.
1oty 5| L3 Ya
1 t5 t% Ys

A matrix A of this particular form, whose columns (or rows) are successive powers of some
independent variable, is called a Vandermonde matriz.

In least squares problems we write Ax = b rather than Ax = b because the “equation”
is not usually satisfiable exactly. The approximate nature of least squares solutions should
not disturb us, however, because the goal is to smooth out random errors in the data
and capture the underlying trend. The method of least squares was developed by Gauss
for solving problems in astronomy, particularly determining the orbits of celestial bodies
such as planets and comets. The elliptical orbit of such a body is determined by five
parameters, so in principle only five observations of its position should be necessary to
determine the complete orbit. Owing to measurement errors, however, an orbit based on
only five observations would be highly unreliable. Instead, many more observations are
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taken and a least squares fit performed in order to smooth out the errors and obtain more
accurate values for the orbital parameters.

As we will see, an m X n linear least squares problem Ax = b has a unique solution
provided that rank(A) = n (i.e., the columns of A are linearly independent). If rank(A) <
n, then A is said to be rank-deficient, and the corresponding linear least squares problem
does not have a unique solution. We will consider the implications of rank deficiency later,
but for now we will assume that A has full rank.

Example 3.2 Linear Least Squares Data Fitting. We illustrate linear least squares
by fitting a quadratic polynomial to the following five data points:

t| -10 -05 00 05 1.0
Y 1.0 05 00 05 20

The overdetermined 5 x 3 linear system is therefore

1 —-1.0 1.0 1.0

1 —-0.5 0.25 1 0.5
Az = |1 0.0 0.0 2| = 0.0 =0b.

1 0.5 0.25 3 0.5

1 1.0 1.0 2.0

The solution to this system, which we will see later how to compute, turns out to be
x =[0.086 0.40 1.4]T, which means that the approximating polynomial is

p(t) = 0.086 4 0.4t + 1.4¢2.

The resulting curve and the original data points are shown in Fig. 3.1. The least squares
solution minimizes the sum of squares of vertical distances between the data points and the
curve over all possible quadratic polynomials.

\ J
-1 0 1t

Figure 3.1: Least squares fit of a quadratic polynomial to the given data.

3.3 Normal Equations Method

The classical method for solving least squares problems, due to Gauss, can be derived in a
variety of ways. We first show how it can be derived using calculus. In matrix notation, the
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least squares criterion for data fitting can be expressed as minimizing the squared Fuclidean
norm

I3 =r"r

of the residual vector
r=>b— Ax.

To minimize
|73 =rTr = (b— Az)T(b— Az) = bTb— 22T ATb+ 2T AT Az,
we take the derivative with respect to @ and set it to zero:
24T Az — 2A"b = o,
which reduces to an n x n square linear system
AT Ax = ATb,

commonly known as the system of normal equations. The name comes from the fact that the
(i,7) entry of the matrix AT A is the inner product of the ith and jth columns of A; for this
reason A A is also sometimes called the cross-product matriz of A. Provided rank(A) = n
(i.e., the columns of A are linearly independent), the matrix AT A is nonsingular, so that
the system of normal equations has a unique solution, which is also the unique solution to
the original least squares problem.

3.3.1 Orthogonality

A more geometric derivation of the normal equations is based on the concept of orthogo-
nality. Two vectors y and z are said to be orthogonal to each other, which is a synonym
for perpendicular or normal, if their inner product is zero, y’ z = o.

Since the matrix A has n columns, the space spanned by the columns of A (i.e., the
set of all vectors of the form Ax), known as the column space or range space of A, is of
dimension n at most. In the usual case for least squares, m > n, this fact implies that the
m-~vector b generally does not lie in the column space of A, and hence there is no exact
solution to the equation Ax = b. Rather than an exact solution, however, in least squares
problems we seek the vector in the column space of A that is closest to b (in the Euclidean
norm), which is given by the orthogonal projection of b onto the column space of A. For
this vector, the residual 7 = b— Az is orthogonal to the column space of A. Thus, we have

o=ATr = AT(b- Ax),

or

AT Az = ATb,

which is again the system of normal equations. The geometric relationships we have just
described are shown in Fig. 3.2. This interpretation also suggests when the least squares
solution will be unique, for the orthogonal projection of b onto the column space of A will
have a unique representation of the form Ax if and only if the columns of A are linearly
independent.
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/Er:b—Am

|
|
=1

Ax

Figure 3.2: Geometric depiction of a linear least squares problem.

3.3.2 Normal Equations Method

If A has full column rank, then the matrix A” A is nonsingular. Therefore, the n x n system

of normal equations
AT Az = A"b

can be used to obtain the solution @ to the linear least squares problem Ax ~ b. In
fact, in this case AT A is symmetric and positive definite, so we can compute its Cholesky
factorization,

ATA=LL",

where L is lower triangular. The solution x to the least squares problem can then be
computed by solving the triangular systems Ly = ATb and LTz = y.

The normal equations method is an example of the general strategy noted earlier, where
a difficult problem is converted to successively easier ones having the same solution. In this
case, the sequence of problem transformations is

Rectangular —— square ——  triangular.

Unfortunately, this method also illustrates another important fact, namely, that a problem
transformation that is legitimate theoretically is not always advisable numerically, as we
will see shortly.

Example 3.3 Normal Equations Method. We illustrate the normal equations method
by using it to solve the quadratic polynomial data-fitting problem given in Example 3.2:

1 —-1.0 1.0
1 1 1 1 1 1 —05 0.25 50 0.0 2.5
ATA=1|-10 —-05 00 05 10||1 00 00 | =100 25 0.0 ,
1.0 025 00 025 1.0l |1 05 025 2.5 0.0 2.125
1 1.0 1.0
1.0
1 1 1 1 1 0.5 4.0
ATb=1{-10 —-05 00 05 10| ]00]| =110
1.0 025 00 025 10| |05 3.25

2.0
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We previously computed the Cholesky factorization of this symmetric positive definite ma-
trix in Example 2.12:

5.0 0.0 2.5 2.236 0 0 2.236 0 1.118
0.0 2.5 0.0 = 0 1.581 0 0 1.581 0 =LL".
25 00 2125 1.118 0 0.935 0 0 0.935

Solving the lower triangular system Ly = A”b by forward substitution, we obtain

[1.789 ]
y=10.632].
| 1.336 |

Finally, solving the upper triangular system LTax = y by back-substitution, we obtain

[0.086 ]
x = |0.400 | .
| 1.429 |

In theory the system of normal equations gives the exact solution to a linear least squares
problem, but in practice this system can provide disappointingly inaccurate results. Some
of the potential difficulties are these:

1. Information can be lost in forming the normal equations matrix and right-hand-side
vector. For example, take

11
A=|e 0],
0 €

where € is a positive number smaller than the square root of machine precision, ,/€mach,
in a given floating-point system. Then

ATA = [HEQ ! ]

1 1+ €

so that in floating-point arithmetic

1 1
fi(ATA) =
ara =l
which is exactly singular.

2. The sensitivity of the solution is worsened, in that the condition of the normal equations
matrix is worse than that of the original matrix A. Specifically, the condition number
of the matrix is squared:

cond(AT A) = [cond(A)]%.
(We will see in Section 4.5.2 how to assign a condition number to a rectangular matrix.
For now, think of it as a measure of the distance to the closest rank-deficient matrix.)

These shortcomings do not make the normal equations method useless, but they are cause
for concern and provide motivation for seeking more numerically robust methods for linear
least squares problems.
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3.3.3 Augmented System Method

The augmented system method is a variant of the normal equations method that can be use-
ful in some situations. Together, the definition of the residual vector r and the requirement
that the residual be orthogonal to the columns of A give the system of two equations

r+Ax = b,
ATr = o,

which can be written in matrix form as the (m + n) x (m + n) augmented system

ar o] o) Lo

whose solution yields both the desired vector & and the residual vector .

At first glance, this method does not look promising: The augmented system is sym-
metric but not positive definite, it is larger than the original system, and it requires that we
store two copies of A. Moreover, if we simply pivot along the diagonal (equivalent to block
elimination in the block 2 x 2 system), we reproduce the normal equations, whose potential
numerical shortcomings we have already observed. The one advantage we have gained is
that other pivoting strategies are now available, which can be beneficial for numerical or
other reasons.

The selection of pivots in computing a symmetric indefinite (see Section 2.5.2) or LU
factorization of the augmented system matrix will obviously depend on the relative magni-
tudes of the entries in the upper and lower block rows. Since the relative scales of » and x
are arbitrary, we introduce a scaling parameter « for the residual, giving the new system

o] =[]

The parameter « controls the relative weights of the entries in the two subsystems in
choosing pivots from either. A reasonable rule of thumb is to take

a = max |a;;|/1000,
i\j

but some experimentation may be required to determine the best value.

A straightforward implementation of this method can be prohibitive in cost [proportional
to (m +mn)3], so the special structure of the augmented matrix must be carefully exploited.
For example, the augmented system method is used effectively in MATLAB for large sparse
linear least squares problems.

3.4 Orthogonalization Methods

Owing to the potential numerical difficulties with the normal equations system, we need
an alternative method that does not require formation of the normal equations matrix
and right-hand-side vector. Thus, we seek a more numerically robust transformation that
produces a new problem whose solution is the same as that of the original least squares
problem but is more easily computed. We will see that, as with square linear systems,
triangular form is a suitable target in simplifying least squares problems. To preserve the
solution, however, we will need a new type of transformation to achieve triangular form.
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3.4.1 Triangular Least Squares Problems

As we did with square linear systems, let us consider a least squares problem having an
upper triangular matrix. In the overdetermined case, where m > n, such a problem has the

form
R o~ b,
0] by |

where R is an n X n upper triangular matrix and where we have partitioned the right-hand-
side vector b similarly. Then we have

Irl3 = [Ib— Az|3 = [|br — Rz||3 + [[ba]3.

We have no control over the second term, |bs||3, in the foregoing sum, but the first term
can be forced to be zero by choosing x to satisfy the triangular system

Rw:bl,

which can be solved for « by back-substitution. We have therefore found the least squares
solution & and can also conclude that the minimum sum of squares is

I3 = [1b213.

3.4.2 Orthogonal Transformations

Reducing a matrix to triangular form via Gaussian elimination is not appropriate for solving
least squares problems, for such a transformation does not preserve the Euclidean norm
and hence does not preserve the solution to the problem. We now define a type of linear
transformation that does preserve the Euclidean norm.

A matrix Q is said to be orthogonal if its columns are orthonormal, i.e., if QTQ = I,
the identity matrix. An orthogonal transformation @ preserves the Euclidean norm of any
vector x, since

Q|3 = (Qz)"Qz = 2" Q"Qzx = x"z = |z|f3.
Orthogonal matrices can transform vectors in various ways, such as rotation or reflection;
but they do not change the Euclidean length of a vector. Hence, they preserve the solution
to a linear least squares problem.

Orthogonal matrices are of great importance in many areas of numerical computation
because their norm-preserving property means that they do not amplify error. Thus, for
example, orthogonal transformations can be used to solve square linear systems without
the need for pivoting for numerical stability. Unfortunately, orthogonalization methods are
significantly more expensive computationally than methods based on Gaussian elimination,
so their superior numerical properties come at a price that may or may not be worthwhile,
depending on context.

3.4.3 QR Factorization

Given an m x n matrix A, with m > n, we seek an m x m orthogonal matrix @ such that

oft]
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where R is n X n and upper triangular. Such a QR factorization transforms the linear least
squares problem Ax = b into a triangular least squares problem having the same solution
because

o~ Acl: = b~ Q| & | 2l =1Q"b - | & al:

As with Gaussian elimination, we wish to introduce zeros successively into the matrix A,
eventually reaching upper triangular form, but do so using orthogonal transformations. A
number of methods are possible, including

e Householder transformations (elementary reflectors)
e Givens transformations (plane rotations)
e Gram-Schmidt orthogonalization

We will focus mainly on the use of Householder transformations, the most popular and
generally the most effective approach in this context; but we will sketch the other two
methods as well.

QR factorization has many other uses besides solving least squares problems. For ex-
ample, if we partition ) into @1, containing the first n columns, and @9, containing the
remaining m — n columns, then we have

A=Q [g] Q1 Q] [I(ﬂ ~ QiR

Thus, if A has full column rank, so that R is nonsingular, then the columns of @1 form an
orthonormal basis for the range space of A; and the columns of Q2 form an orthonormal
basis for its orthogonal complement, which is the same as the null space of AT (i.e., the
set of all vectors & such that ATz = 0). Such orthonormal bases are useful in eigenvalue
computations, optimization, and many other problems, as we will see.

3.4.4 Householder Transformations

A Householder transformation H is a matrix of the form

T
vV
H=1-2——
)
where v is a nonzero vector. From the definition, we see that H = HT = H~!, so that

H is both orthogonal and symmetric. Given a vector a, we wish to choose the vector v so
that

« 1
0 0
Ha=|.|=a|.| =ae
0 0
Using the formula for H, we have
vol 2v"a

aer=Ha=(I-2—)a=a—-"v
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and hence

’UT’U

2vTa’
But the scalar factor is irrelevant in determining v, since it divides out in the formula for
H anyway, so we can take

v=(a— aep)

v=a—«aej.

To preserve the norm, we must have a« = £||al|2, and the sign should be chosen to avoid
cancellation. Another potential numerical difficulty is that the computation of ||a||2 could
incur unnecessary overflow or underflow if the components of a are very large or very small.
Dividing a at the outset by its component of largest magnitude avoids this problem. Again,
such a scale factor does not change the resulting transformation H.

Example 3.4 Householder Transformation. To illustrate the construction just de-
scribed, we determine a Householder transformation that annihilates all but the first com-
ponent of the vector

2
a= |1
2
Following the foregoing recipe, we choose the vector
2 1 2 o
v=a—ae;=|1|—-a|l0]|=|1|-1]0],
2 0 2 0

where a@ = £||lall]2 = £3. Since a; is positive, we can avoid cancellation by choosing the
negative sign for a. We therefore have

2 -3 5
v=1|1]| — 0f=11
2 0 2

To confirm that the Householder transformation performs as expected, we compute

" 2 5 -3
1
Ha=a-2""v=|1 —2£ 1= of,
vy 2 2 0

which shows that the zero pattern of the result is correct and that the norm is preserved.
Note that there is no need to form the matrix H explicitly, as the vector v is all we need
to apply H to any vector.

Using Householder transformations, we can successively introduce zeros column by col-
umn below the diagonal of a matrix A to reduce it to upper triangular form. Each House-
holder transformation must be applied to the remaining unreduced portion of the matrix,
but it will not affect any columns already reduced (and hence the zeros are preserved). In
applying a Householder transformation H to an arbitrary vector @, we note that
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which is substantially cheaper to compute than a general matrix-vector multiplication and
requires only that we know the vector v.
The process just described produces a factorization of the form

R
a1,
where R is upper triangular. The product of the successive Householder transformations
H,, --- H is itself an orthogonal matrix. Thus, if we take

Q' =H,---H,, orequivalently, QzHlTHg,

then
a-al]

Hence, we have indeed computed the QR factorization of the matrix A, which we can
now use to solve the linear least squares problem. To preserve the solution, however, we
must also transform the right-hand-side vector b by the same sequence of Householder
transformations. We thus solve the equivalent triangular least squares problem

[10%} T~ QTb.

For purposes of solving the linear least squares problem, the product @ of the Householder
transformations need not be explicitly formed. In most software for this problem, R is
stored in the upper triangle of the original array containing A, while the vectors v required
for forming the individual Householder transformations are stored in the (now zero) lower
triangular portion of A. (Technically, one additional vector of storage is required, since the
main diagonals of both @ and R must be stored.) As we have already seen, Householder
transformations are most easily applied in this form anyway (as opposed to explicit matrix-
vector multiplication), so the vectors v are all that is needed to solve the original least
squares problem as well as any subsequent problems having the same matrix but different
right-hand-side vectors. If @ is needed explicitly for some other reason, however, then it can
be computed by multiplying each Householder transformation in sequence times a matrix
that is initially the identity matrix I, but this computation will require additional storage.

Example 3.5 Householder QR Factorization. We illustrate Householder QR factor-
ization by using it to solve the quadratic polynomial data-fitting problem in Example 3.2,
with

1 —-1.0 1.0 1.0
1 —-0.5 0.25 0.5
A=|1 0.0 00 |, b=10.0
1 0.5 0.25 0.5
1 1.0 1.0 2.0

The Householder vector v; for annihilating the subdiagonal entries of the first column of A
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is

1 —2.236 3.236

1 0 1
vi=|1] — 0 = 1

1 0 1

1 0 1

Applying the resulting Householder transformation H; yields the transformed matrix and
right-hand side

—2.236 0 —-1.118 —1.789

0 —0.191 —0.405 —0.362

H A= 0 0.309 —-0.655|, H;b= | —-0.862
0 0.809 —0.405 —0.362

0 1.309 0.345 1.138

The Householder vector vo for annihilating the subdiagonal entries of the second column of
HlA is

0 0 ] 0
—0.191 1.581 —1.772
vy = 0.309 | — 0 = 0.309
0.809 0 0.809
1.309 0 | 1.309
Applying the resulting Householder transformation Hy yields
—2.236 0 —1.118] —1.789
0 1.581 0 0.632
HyH A = 0 0 —0.725 |, Hy;Hb= | —1.035
0 0 —0.589 —0.816
0 0 0.047 | 0.404

The Householder vector vs for annihilating the subdiagonal entries of the third column of
HQHlA is

0 0 ] 0
0 0 0
v3= | —0.725| — 1 0.935 | = | —1.660
—0.589 0 —0.589
0.047 0 | 0.047
Applying the resulting Householder transformation Hs yields
—2.236 0 —1.118] —1.789
0 1.581 0 0.632
HsHH A = 0 0 0.935|, Hs3H>H b= 1.336
0 0 0 0.026
0 0 0 0.337

We can now solve the upper triangular system Ra = y, where y consists of the first three
components of the transformed right-hand side, by back-substitution to obtain

0.086
xz = | 0.400
1.429
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3.4.5 Givens Rotations

Householder transformations introduce many zeros in a column at once. Although generally
good for efficiency, this approach can be a bit heavy-handed when greater selectivity is
needed in introducing zeros. For this reason, some algorithms use Givens rotations instead,
which introduce zeros one at a time.

We seek an orthogonal matrix that annihilates a single given component of a vector.
One such orthogonal matrix is a plane rotation, often called a Givens rotation in the context
of QR factorization. Given a 2-vector @ = [a; as ]T, we want to choose scalars ¢ and s,
which can be interpreted as the cosine and sine of the angle of rotation, such that

c sl|la| |«
—s c|la2| |0}’
with ¢2 + s? = 1, or, equivalently, & = y/a} + a3. In effect, we will rotate a so that it is

aligned with the first coordinate axis. Then its second component will become zero. The
previous equation can be rewritten as

FESINEHE

We can now perform Gaussian elimination on this system to obtain the triangular system

[%1 —a1 iL2@§/al] [Z] N [—a;;/aj '

Back-substitution then gives

aa9 aal

S = —F——5 C—= —FF—5.
2 2 2 2
ai + a3 ai + a3

Finally, the requirement that ¢® + s = 1, or a = \/a? + a3, implies that

C

aq a9
= S = ———.
2 2’ 2 2
Vai + a; Vai + a;

As with Householder transformations, unnecessary overflow or underflow can be avoided
by appropriate scaling. If |ai| > |ag|, then we can work with the tangent of the angle of
rotation, t = s/c = ag/a1, so that the cosine and sine are given by

c=1/V/1+t%, s=c-t.

If |aa| > |a1], on the other hand, then we can use the analogous formulas involving the
cotangent 7 = ¢/s = a1 /az, obtaining

s=1/\/1+72 c=s-T.
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In either case, we can avoid squaring any magnitude larger than 1. Note that the angle of
rotation need not be determined explicitly, as only its cosine and sine are actually needed.

Example 3.6 Givens Rotation. To illustrate the construction just described, we deter-
mine a Givens rotation that annihilates the second component of the vector

1]

For this problem, we can safely compute the cosine and sine directly, obtaining

4
c:sz:QS and s:Lzéz().G,

N ENT A Vaitay 5

or, equivalently, we can use the tangent ¢ = as/a; = 3/4 = 0.75 to obtain
1 1
1+ (0.75)2 125

Thus, the rotation is given by
c s 0.8 0.6
G= |:S c] - [0.6 0.8] '
To confirm that the rotation performs as expected, we compute
0.8 06] (4 5
Ga = [—0.6 0.8} [3] - M ’
which shows that the zero pattern of the result is correct and that the norm is preserved.

Note that the value of the angle rotation, which in this case is about 36.87 degrees, does
not enter directly into the computation and need not be determined explicitly.

=0.8 and s=c-t=(0.8)(0.75) = 0.6.

We have seen how to design a plane rotation to annihilate a given component of a
vector in two dimensions. To annihilate a selected component of a vector in n dimensions,
we can apply the same technique by rotating the target component, say j, with another
component, say i. The two selected components of the vector are used as before to determine
the appropriate 2 x 2 rotation matrix, which is then embedded as a 2 x 2 submatrix in rows
and columns ¢ and j of the n-dimensional identity matrix I, as illustrated here for the case
n=>51i=2 j=4

1 0 0 O aj ai
0 ¢ 0 s O as «
0 0 1 0 0 as = as
0 —s 0 ¢ O ay 0
0 0 0 0 1 as arg

Using a sequence of such Givens rotations, we can selectively and systematically annihilate
entries of a matrix A to reduce the matrix to upper triangular form. The only restriction on
the order in which we annihilate entries is that we should avoid reintroducing nonzero values
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into matrix entries that have previously been annihilated, but this can be accomplished by
a number of different orderings. Once again, the product of all of the rotations is itself an
orthogonal matrix that gives us the desired QR factorization.

A straightforward implementation of the Givens method for solving general linear least
squares problems requires about 50 percent more work than the Householder method. It
also requires more storage, since each rotation requires two numbers, ¢ and s, to define it
(and hence the zeroed entry a;; does not suffice for storage). These work and storage dis-
advantages can be overcome to make the Givens method competitive with the Householder
method, but at the cost of a more complicated implementation. Therefore, the Givens
method is generally reserved for situations in which its greater selectivity is of paramount
importance, such as when the matrix is sparse or when some particular pattern of existing
zeros must be maintained.

As with Householder transformations, the matrix @ need not be formed explicitly be-
cause multiplication by the successive rotations produces the same effect as multiplication
by Q. If Q is needed explicitly for some other reason, however, then it can be computed by
multiplying each rotation in sequence times a matrix that is initially the identity matrix I.

Example 3.7 Givens QR Factorization. We illustrate Givens QR factorization by
using it to solve the quadratic polynomial data-fitting problem in Example 3.2, with

1 —-1.0 1.0 1.0
1 —05 0.25 0.5
A=|1 00 00 |, b=]00
1 05 025 0.5
1 1.0 1.0 2.0

We can annihilate the (5,1) entry of A using a Givens rotation based on the fourth and
fifth entries of the first column. The appropriate rotation is given by ¢ = 0.707, s = 0.707.
Applying this rotation G to A and b yields

1 00 0 0 1 —-1.0 1.0 1 —1.0 1.0
0 1 0 0 0 1 -0.5 0.25 1 -0.5 0.25
GiA=1]0 0 1 0 0 1 0.0 0.0 | = 1 0.0 0.0
0 0 0 0.707 0.707 1 0.5 0.25 1.414 1.061 0.884
0 0 0 —0.707 0.707 1 1.0 1.0 0 0.354 0.530
and
1 00 0 0 1.0 1.0
0 1 0 0 0 0.5 0.5
Gib=|0 0 1 0 0 0.0 =10.0
0 0 0 0.707 0.707 0.5 1.768
0 0 0 —0.707 0.707 2.0 1.061

We next annihilate the (4,1) entry using a Givens rotation based on the third and fourth
entries of the first column. The appropriate rotation is given by ¢ = 0.577, s = 0.816.
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Applying this rotation G yields

1 0 0 0 0 1 —-1.0 1.0 1 —-1.0 1.0
0 1 0 0 0 1 —0.5 0.25 1 —0.5 0.25
GoGiA= |0 0 0.577 0.816 0 1 0.0 0.0 = | 1.732 0.866 0.722
0 0 —-0.816 0577 0 1.414 1.061 0.884 0 0.612 0.510
0 0 0 0 1 0 0.354 0.530 0 0.354 0.530
and
1 0 0 0 0 1.0 1.0
0 1 0 0 0 0.5 0.5
GoGib= (0 0 0.577 0.816 0 0.0 = |1.443
0 0 —-0.816 0.577 0 1.768 1.020
0 0 0 0 1 1.061 1.061

We continue up the first column in this manner until all of its subdiagonal entries have
been annihilated. We then proceed similarly to the second and third columns, eventually
producing the upper triangular matrix and transformed right-hand side

2236 0  1.118 1.789
0 1581 0 0.632

QT'A=1| o 0 093], Qb= 13361,
0 0 0 0.338
0 0 0 0

where Q7 is the product of all of the Givens rotations used. We can now solve the upper
triangular system by back-substitution to obtain

0.086
x = | 0.400
1.429

3.4.6 Gram-Schmidt Orthogonalization

Another method for computing the QR factorization is the Gram-Schmidt orthogonalization
process, which you may have seen in a calculus or linear algebra course. Given two vectors
a1 and as, we can determine two orthonormal vectors q; and go that span the same subspace
by orthogonalizing one of the given vectors against the other, as shown in Fig. 3.3.

This process can be extended to an arbitrary number of vectors ay (up to the dimension
of the space) by orthogonalizing each successive vector against all of the previous ones,
giving the classical Gram-Schmidt orthogonalization procedure:
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Figure 3.3: One step of Gram-Schmidt orthogonalization.

for k=1ton
qr = ai
forj=1tok—1
Tjk = Q;“Fak
qx = qr — Tjk4q;
end
ik = || qk|l2
ar = qr/Tkk
end
If we take the aj to be the columns of the matrix A, then the resulting g are the columns
of Q and the 7;; are the entries of the upper triangular matrix R in the QR factorization
of A.
Unfortunately, the classical Gram-Schmidt procedure requires separate storage for A,
Q, and R because the original a; are needed in the inner loop, and hence the g, cannot
overwrite the columns of A. This shortcoming can be alleviated, however, if we orthogo-
nalize each chosen vector in turn against all of the subsequent vectors, in effect generating
the upper triangular matrix R by rows rather than by columns. This rearrangement of the
computation is known as modified Gram-Schmidt orthogonalization:

fork=1ton
ik = |lak2
qr = a/Tik
for j=k+1ton
ki = Gf a;
aj = aj — Tquk
end
end

We have continued to write the a; and g separately for clarity, but now they can in fact
share the same storage. (A programmer would have formulated the algorithm this way in
the first place.) Unfortunately, separate storage for Q and R is still required, a disadvantage
compared with the Householder method, for which @ and R can share the space formerly
occupied by A. On the other hand, Gram-Schmidt provides an explicit representation for
Q, which, if desired, would require additional storage with the Householder method.

In addition to requiring less storage than the classical procedure, an added bonus of
modified Gram-Schmidt is that it is also numerically superior to classical Gram-Schmidt:
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the two procedures are mathematically equivalent, but in finite-precision arithmetic the
classical procedure tends to lose orthogonality among the computed qi. The modified
procedure also permits the use of column pivoting to deal with possible rank deficiency (see
Section 3.4.8). Although the modified Gram-Schmidt procedure has advantages in some
circumstances, for solving least squares problems it is somewhat inferior to the Householder
method in storage, work, and accuracy.

Example 3.8 Gram-Schmidt QR Factorization. We illustrate modified Gram-Schmidt
orthogonalization by again solving the quadratic polynomial data-fitting problem in Exam-
ple 3.2, with

1 —-1.0 1.0 1.0
1 -0.5 0.25 0.5
A= |1 0.0 00 |, b=10.0
1 0.5 0.25 0.5
1 1.0 1.0 2.0

Normalizing the first column of A, we compute

0.447
0.447
r11 = [laill2 = 2.236, q1=