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One of the reasons that problem solving is often difficult is that we don’t know
where to begin. Once we have some sort of course charted out in front of us,

we can follow that pafh and hnpnf‘n”\/ arrive at a solution. But COH‘U;""Lg up
;

Ay

that course wf a nt challenge. Often this is the most challenging
part of problem solving because it is entirely creative: you have to literally create
gen

solution. Without the plan, you’re sunk. This is the

the plan for generating a s

time where you should revel in the opportunity to display your brilliance! One
thing that may help in forging a path from the problem to the solution is to
always consider all of the available data. This is good advice in any regard, but
it’s especially important when first considering how to find a solution. Failing
to consider everything right at the start means that you might miss the one
opportunity to begin the solution. Review all of the information that’s provided,
determine the implications of these data or facts, and then see if you can make

etween the goal and what you are given.
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for many years. They talk about various things, and
of them says: “Since you're a professor in mathematics,
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haven’t seen each othe
then after some time on
I’d like to give yon a
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The mathematician thinks
hint to solve your puzzle.”

“My oldest son has blue eves.” savs the

ther man
LAEer man.

“Ou, this is sufficient s the mathematician, and he gives the father

C s
the correct answer: the ages of his three sons.
Your challenge now is to do the same: to follow the reasoning of the mathe-

. . . ;
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matician and sclve the puzzle. Again, the puzzle is quite easy, yet most people
1. 1:m 1 R |
nave ailiculties with 1t



10 I. What Are the Ages of My Three Sons?

How did vou do? I vou didn’t resist the temptation to simnly 1in the nage ard
How did you do? If you didn’t vesist the temptation to simply lip the page aud
find the answer, do yoursell a favor and turn back now before it’s too late!

All right, to start let’s examine all of the information supplied by the conver-
ation carefully. What do we know on the basis of the first piece oi mfounatnouf
. .
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Ave ol Ave of Age of
\ge ol Age of Age of
son | son 2 son 3
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same as the number of windows in the building. We have to assume that the

mathcmatxcmn knew the number of windows, so he knew the total. What are
ilities here? How can this be usefu |7 Arlrhno- the numbers for all purl'\f
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B + 1 + 1 = 38
8 + 2 4+ 1 = 2i
12 + 3 + 1 = 16
9 + 4 4+ 1 = 14
9 + 2 + 2 = 13
6 + 6 + 1 = 13
6 + 3 + 2 = 11
4 + 3 + 3 = 10

Suddenly, everything is clear If the number of windows in the building had
been 21 (nr 3R 16. 14, 11. or \ the mathematician would have m\mn the
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e right answer! Real-w

Nevertheless, if you consider all of h
s

every opportun |ty to find a useful st

you to find th
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Our probiems are man-made;
therefore they may be solved by man.

Johu F. Keunedy, speech, June 10, 1963

Ad b 01 aoat Y gy 1 1 1 11 e v
AL e risK oI starting with a tautology, real-world problems are diificult to
solve, and they are difficult for several reasons:

e The numbu of possible solutions in the search space is so large as to forbid

The problem is so complicated that jusi to facilitate any answer at ali,

L]
we have to use such simplified models of the problem that any result is
essentially useless.
a T ation function that deseribas the analitvy of anv 30
The evaluation function that describes the quality of
) .

e The possible solutlons are s

¢ The person solving the problem is inadequately prepared or imagines some
psychological barrier that prevents them from discovering a solution.

Naturally, this list could be extended to include many o other possible obsta-
cles but these are sufficient. Each of these are problems in S . 1Y _
Ci€5 DUL viaese ard sumniliCiiv. Ladi Of viese ai€ Prooiciis in Licllh Owh Tignv. 10

solve a problem, we have to understand the problem, so let’s discuss eac
these issues in turn and identify their inherent details.
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elementary problems in logic is the Boolean satisfiability problem

e
'he task is to make a compound statement of Boolean variables evaluate
example, consider the following problem of 100 variables given

or
tive normal form:

I~r) — [ =, = \ I
L\X) = (Z17V Z37 V z7: ; V(211 VZs 56)/\. /\\szL43V.E77V1:39V:E97)



12 1. Why Are Some Problems Difficult to Solve?

The chalienge is to find the truth assignment for each variable x;, for all i =
1,...,100 such that F'(x) = TRUE. We can use 1 and 0 as synonyms for TRUI
x; were TRUIL

ud FALSE, and note that T; here is the negation of z; (i.e., if x;
} v IPAT QI A

no
PR R, RO I .
vnen r;, woula o raisirs O u)

Regardlcsq of the problem being posed, it’s always useful to consider the
sible solutions. Here, any binary string of lenzzth 100 constntutvs a
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taken over 100 variables, this generaies
search space S is |S] = 2199 ~ 10%. lhIs 15 a huge numbu' lemg out, all
of these alternatives is out of the question. If we had a cornDuLer that could

test 1(\(\(\ st .-
LvESL LUV

beginning of time itself, 15 billion years ago right at ¢
examined fewer than one percent of all the possibilities
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What we d hke is for the evaluation function to give us some gulaance on the
quality of the proposed solution. Solutions that are closer to the right answer

should vield better evaluations that those that are farther away. But here, all
:\]u te to q‘PTIW or F‘A'

aiuate 1o 1 v I u

) .

x and [7(x) returns then we're done: that’s the
answer. But what if F'(x) returns FALSE? what? Furthermore, almost
every possible string of 0s and ls that we uld try would likely evaluate to

FALSE 356 how could we distinguis lmh.man “hatter” and “worse
couild we distinguish belween “better” and “worse
2

—
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solutions? If we were using an enumerative search we wouldn’t care
simply proceed through each possibility until we found somethin
But if we want the evaluation function to he]n us find the best sol

than enumeration. we need more than just “right” or “wrong.”
vilall CLUULlICTLauviVlL, VU LU LIVIT vllall jus 15 UL Viv. 5-
could accomplish that for the SAT probiem isn’t clear immediately.

Some problems seem easier than

valuation function naturally.
still be enormous. For example, cousider a traveling salesman probie
Conceptually, it’s very simple: the traveling salesman must visit ever

his territory exactly once and then return home covering the shortest d
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nire slichtly different eriteria asutich ac Bndin
1 u.

lasalv related nroblems rea
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S i€ CiOsCiy re€iait€d proliems
P 1

a tour of the cities that yields minimum traveling time, or minimum fuel cost,
or a number of other possibilities, but the idea is the same. Given the cost of
ing befween each pair of cities, how should the sal

+ Figure 1.1 illustrates a simple symmetric 20-city TSP where the distance
between each pair of cities 1 and j is the same in either direction. That is,
distli i) = dist(s.3). The actual di

1
GiSu\i,j) = Gioi\j,v). 20T atvuar W
ATy

could assume this is the case. Alternatively, we could face an asymmetric TSP
where dist(z, j) # dist(,1) for some ¢ and j. These two classes of TSP present
different obstacles for finding minimum cost paths.

stances aren’t markad on the figire bt o
SLalCes aren’yv Markea on vac iigure, ous we

st o dho oo

So then, what is the search space for the TSP? One possibility would be
to view it as the set of permutations of n cities. Any permutation of n cities

—
[9%)

1.1 The size of the search space

Fig.1.1. A sample TSP. Textbook TSPs usually allow paths from every city to every other
cities. but real-world problems don’t always afford such opportunities.

yields an ordered list that defines the sequence of cities to be visited, starting at
the salesman’s home base, and continuing to the last location before returning

7 el -t

home. The optimum solution is a permutation that vields the miini s
i - 1118 OPullidill S0:Uuion 1S a periiiuvavion tniat yi€ids tne€ minimuin cost
tour. Note that tours such as:

2-..-6-15-3-11-19-17,

15-3-11-19-17-2—- ... -6,

211 -10-17_-9 _ A _ 15 ate

e 4L vy L & oo v l.U, cuu

ama tsAamd Al o - - . N 1 - . N
are identical because the circuit that each one generates is exactly the same

regardless of the starting city, and there are n tours like that for any n-city TSP.

It’s easy to see then that every tour can be represented in 2n different ways (for

a qvmmnfnra] TSP). And since there are n! wavs to permute » nimbhers thea
........ 1101 JARES LS L ESIR B 415) WLT Te. Wayo vU plliiiuve 7 IUINnoers, wne

101

size of the search space is then |§| = n'/(’Zn) =(n-1)Y
Again, this is a huge number! For any n > 6, the number of possible solutions

to the TSP with n a(nes is larger than the number o ble solutions to the
SAT nrr\]\lnm with n var klo.-. Turtharmare tho i RS T
\1 problem with n variables. Fur LACrMore, vn€ ailerence DELween ine sizes

v
of these two search spaces increases very quickly with i increasing n. For n = 6,
there are 5!/2 = 60 different solutions to the TSP and 26 = 64 solutions to a

SAT. But for n = 7 these numbers are 360 and 128 respectively.
Toh see the madde .

nino
10 5CC wi€ MaGGlning 1

rate

numbers:
e A 10-city TSP has about 181,000 possible solutions.

¢ A 20-city TSP has about 10,000,000,000,000,000 possible solutions.



i4 i. Why Are Some Problems Diilicuit to Soive?

Even though Lhe TSP has an mcxedlbly lalg, search space, the evaluahon
functlon that we might use to asses .

I of the distances between each pair of cities,
and atter n addition operatlona we could calculate the distance of any candidate
tour and use this to evaluate its merit. For example, the cost of the tour

-6

15-3-11 19 -1

-~

e
w

cost = dist(15,3) + dist(3,11) + dist(11,19) + ... + dist(6,15)
We might hope that this, more natural, evaluation function would give us an

edge in finding useful solutxons to the [‘SP desplte the size of the search space

ear programmm

Let’s consider a third e

lem (NLP). It’s a difficult en s
erature and no traditional optimization method has given a satisfactory result

The problem [207] is to maximize the function:!

IZ,_l cos*(z;) — 21}
| \/Z::l iz}

[Ty z: > 0.75, 3L, @ < 7.5n, and bounds 0 <z; <10 for 1 <i<n.

The function G2 is nonlinear and its giobal maximum is unknown, but it
lies somewhere near the orlgm The optlmlzatlon problem poses one nonhnear

e oricin)
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dimensionality of the probiem — the number of varlables When treated as

a purely mathematical problem, with n variables, each dimension can contain
an infinity of possible values, so we have an inﬁu e‘" large spa,ce — maybe

imal places, each variable could th“n t“"" on

,000,000 differ alues. Thus, the size of the search space wouid |
" *. That number is much much larger than the number of
50 there are 103% salutions to

with only six decimal p M g X
precision
Ny
1We’re preserving the notation G2 used for this function in {257]. It’s the second function

o

1.2 Modeling the problem

<)
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tions? Qne idea

" ho
Ve 14€a wouia be

1. Those solutions that yield higher values o
etter than those that yicld lower values. But there are some
egard because, as illustrated in figure 1.2, there are infeasi-

iomn Fain
UauvlOIll 1un

, i a
ll of the infeasible points were assigned a value of zero. The
s ~ 1 3 ~

etween feasible and infeasible regions is defined by the
= 0. 75 and the optimal solution lies on (or close to) this

archmg boundarleq of a feasible part of the search space 13'1’t easy.

ialized operators that are tailored for just this purpose, on just

his presents an additional level of difficulty that we didn’t see in

the SAT or TSP (although for a TSP that didn’t allow transit between all pos-
e

T%
'-3 a.

sible pairs of c1t1es, some permt 1S W mfeasible} Even without

this additional wr hat seem simple at first can
('[‘ 1 1

offer significant cna.uenges simply because of the number of alternative solutions.

Le.
The means for devising ways to assess these solutions isn’t always clear.

very time we solve a problem we must realize that we are in reality only finding
1 1 1
{of ¢

of he problem. All models are a simplification of the
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steps: (1) C[(’(Ltll]L a xno(lol of the mnhle and (2) using that

The “solution” is only a solution in terms of the model. s a

high degree of fidelity, we can have more confidence that our solution will be
P . -

meaningtul. in confrast, it the model has too many unfulfilled assumptions and

rough approximations, the bOlllLlOﬂ may be meaningless, or worse.

The SAT, TSP, and NLP are three canonic
applied in many dx‘f rent settings. For example, suppose a factory produces
cars in various colors where there are n colors altog;ether The task is to find

an optimum production schedule that will minir the total cost of painting

IHUUCIS that can be

1e production line has
and the cost of such a
volved and their order.

the cars. Note, however, that each machine invol
to be switched from one color to another betwee
switch (called a changeover) depends on the two colors

s in
The cost of switching from yellow to black might be 30 units. This might be
measured in dollars, minutes, or by some other reasonable snanaard The cost
of switching back {rom black to yellow might be 80 units.2 The cost of going
from yellow to green might be 35 units, and so forth. To minimize costs, we
have to find a sequence of jobs that meets 311
for the number of cars of cach color, in a timely fashion, while still Keepmg he

costs of the operation as low

possible. This might be viewed in terms of a
where each city is now i
d t

as
a job that couesoonds to painting a
o di

of cha.nging jobs. Here, the TSP would be asymmetric.

Consider the following scenario that illustrates how mplifications are in-
herent to modeling. Suppose a company has n war s that store paper
supplies in reams. These supplies are to be delivered to % distribution centers.

: 1d distribution centers can be viewed as sources and destina-

tions, respectively. Ever, y possible dehvery route between a warehouse 7 and a
distribution center j ich i i
by a function f”. The shape of this ds on a variety of factors
th distribution center, the

Allhl.ll/ Vi uin

he
quality of t e road, the traffic density, the numbe of required stops, the average -
speed limit, and so forth. For example, the transportation cost function betweem
warehouse 2 and distribution center 3 might be defined as:
(0 if z=0
.o 144333z fo<z<3
B 105 if3<z<6
L05+10vz if 6<a,

Note the asymmetry here: the costs of switching between two colors need
Switching from yellow to black isn’t usually as expensive as the obverse switch.

1.2 Modeling the problem 17
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displays the graph of the function f)."
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s to the quantity of supplies transported from 7 to j (lignre 1.3
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paper are transported we can use a special shmmng ontamer This incurs an

overhead cost of four units for the container and an additional cost of 3.33 units
per ream. S th‘ cost for this case increases linearly. However, if we transport

. So
more than 'h e reams but not more than six, we can use a special wire mesh
is a flat 19.5 units, reqa,rdless of the number of reams

being shipped. Fxnally, ;f we are shipping more than six r

ranmMma wra Lﬂ.. dm riaa
réallis W€ nave 1o use
a large reinforced crate, with a total transportation cost that depends on the

number of reams being shipped and grows as a square root of that quantity plus

a small overhead of 0 5 umts.

minimize 37, E§=1 fii(zii),

subject to

Zf__, zy; < sour(z), for i =1 .
Z:*] zi; 2> dest(j), for 7 = 1,2,...




18 1. Why Are Some Problems Difficult to Solve?

where sour is the source and dest is the destination. The constraints of the

problem dcﬁnv a ﬂ asible snlutwn no transport from any warehouse exceeds

earlier such as the traffic density between the source and destination and so

forth. And we might be able to construct similar exact functions that describe
the Costs of transpontmg the reams of paper from every warehouse to every

ise model of the problem mig
.

e
jord
w
o+

- re,

n
Y
limited utility because these functions are too complex for many traditional op-
timization algorithms. For starters, they are discontinuous, and discontinuities
present severe problems. The results that we would obtain after using some

_:3
¢

gradient-based methods on these functions would likely be quite poor [258].
Thus, we cannot demo a solution based on this model, so the model — as

less for deciding what to do!
What options do we have? There are at least two ways to proceed:

trv
uly

return better answers.

We

ca
vwe Cal

o

- 53
-
w

2. We can keep the model as it is, and use a nontraditional approach to find

a near-optimum solution.

the o‘ranh of the approxi

y . -
23 togpthﬂr with the original f33).
r

In this case, we sii rtation cost function fa3, and we can
perform similar simplifications for the other functions. Note that if all of the
fi:s were linear, we’d obtain a linear model of the problem that can be solved

no method. But note that this exact soluti

prec:se‘v by a linear programml 1g method. ote that this exac ion
would then be a solution for the simplified model and not for the real problem!

The second option is to leave the precise model as it is — with all of its
discontinuities — and use a nontraditional method (e.g., simulated annealing

or an evolutionary algorithm) to find a near-np‘imal solt

O ail SVOiuuilhialy

of experimental evidence shows that this latier approac
practical advantage.

Let’s rephrase this discussion. There are two possible approaches. The first
uscs an approximate model, Model,, of a problem, and then finds the precise

Py

o
solution Solution,( M odel,) for this approximate model:

Problem => Model, => Solution,(Model,).

1.3 Change over time 19

Jyy(x)

[U0) P

Fio. 1.4 An approximation of Lhe i .
L i5- 1% Adl approximation ol the trans at ~ost i 1 y .
Jer e ,.M“A ansportation cost function (bold line) for a glven source
ana a given aest tion

£l
{ the proolem and then
his precise model:

tht}if:se tv:o aléli)rloa( hes, the latter one is often superior; i.e. omuzwna(M'odetp)
than Salaitinm { AL o1 . »
18 better than Socution,( Model, ) as a solution of the original problem.
V)

But either way, this is the second source of dj fliculties we face in
solving: it’s difficult to obtain a precise solution to a problem because we ei

have to approximate a model or approximate the solution.

As if the shave crm
A5 11 vl aoove nCErns weren’

" : > 't enough, real-world problems often present
another set of di m culties: they change. They change before you mode] them,

they change while you are deriving a solu ution, and they change after you execute
8 - Let’s look at some of the sources of troublie.

. ack to the traveling salesman problem from ﬁgure 1.1. Suppose
you are the salesman and you are leaving your home at cit o ‘way
to city 6. You’ve driven this route before and you know th
the two towns is, miiles. B"t do you know how long i
travel between the cities? Not precisel ely. You might figure that t
average 30 miles per hour and so on average this trip wil
what is the probability that 40 minutes ‘:;'xll be the exact travel time today’

That’s very unlikely

124’8 very e1y.

el
[¢]




20 1. Why Are Some Problems Diflicult to Solve?

The travel time depends on many factors. For example, y

and make all of the green traflic lights along the way. Or you n lght-
wid not only hit the red lights but also get stuck behind a slow-movin

>

1 ] 1

Y
Worse, you might get a flat tire, which would add a significant amount of time
to your trip. All of these possibilities, and an unimaginable number of other
outcome 1ncluan the \\oathm road condntlon traffic acci den ts, emergency

ieading of noise or mnd(n ess. You

I
t

so forth, can be described under the

can’t predict whether or not any of these events will happen before you leave.

All you might be able to l\now or estimate, is the hkehhmd of ea

Suppose you decided to simply calculate the expected travel time based on
the probabilities of the known possible events and the effect they have on your
travel time. Let’s simplify things a little. Say there are only two possibilities for

your trip: (1) everything goes fine and you can travel to city 6 in 40 minutes, or
1 1 s ~ )

(2) you get stuck behind a slow vebicle and it takes you 60 minutes. Furthermore,

o

let’s say that these two events are cqually likely. So the expected time for the
takes

trip 1s 50 I
50 minutes. If you use 50 minutes as the appruxzma‘ue tiffie you ensure using
1 1 xr 1 ~

a value that will never happen in reafity. You can be 100 percent certain that
your value will be wrong. It might be casy to imagine that if you used a series
of these incorrect approximations to determine your travel time to each of the
your final estimated time might be very
that it would really take. Any decision
fa s to take into account the varia

cities in your route, compounding your errors between each city as you go, that
1 i e o :
erent from any of the possible times

Sometimes there are purely deterministic troubles as well. You know, for e

ample, that travel at rush hour will be more time consuming in each city than
travel at midnight. You might not. know exactly how much more time you’ll
is a bias that rush hour

will stail your progress in traffic. That bias is a regular, predictable pattern,

and you need to consider it or else your model might not correspond sufficiently '

olutions with the model waon’t be useful. In the worst t case,

RPN P |

two cities I‘ﬁig1 be available omy aunng certain

noartiotslan
a parvicuiar roi

times of day, and not available otherwise (this often happens in cities where
your options for turning into side streets at rush hour in
ble route w

order to increase traffic flow). Acting as if the unavailable route were sti

le solution, and that means no solution at all.

ween

=y

city planners limi

.

e sure that the model reflects current knowledge
about the problem. It might be that road improvements or a new freeway system
between two of the cities on your list now allow for more rapid transit. If you fail

1.4 Constraints 21

* model to account for this chanse, vou'li be deriving a solution

._C
.
¢
=

gt

to a problem that no longer exists.

4

The situation, however, is even more complex than this. The above vagaries

1S € l

might occur as a function of environmental ¢l anges or uncontrollable events

< K

nfortunately, in the real world,
o e . X -

tt's olien the case that other people are trying to defeat your solutlon and thls

requires you to continually update your model and anticipate other people’s

actions.

]
rr
U

hut none of

ng against you.

Far avananle  ciin
jaxedi €Xainpi€, suppose you are the owner of a l]ld,JOl supelma,rket Chaln

You need to decide here to place a new store, so vou calculate the cost of
construction in each Doss1ble location. the demographics of the neighb

=S

areas, the existi

o .,\..Ll ) I R
WouLQ 1iKely resul

late an evaluation Iunctlon whic
in a nonlinear progr amming p[oblom and set out to decid
where Lhe best place for the store is. But there’s more Lo the Dmblem, as you

— 5

ore to construct. They are

= L 10C 4y
actively trying to figure out how best to place thcu new store so as to minimize
your success. If you only solve the problem of the best position for your store
given the current conditions, you are treating the situation as if it were a one-
player game. The real—world prob}en often changes while you are deriving a
S"\luthl-, and sometimes it changes in ways that are designed to make your life
dithcult.

1.4 Constraints

0ssibi htles that you might like
and if you violate the
C"f‘oti‘&iﬁus you can’t unpiemenr, your solution. Think back to the NLP from

section 1.1. There, we had a case where it wasn’t enough to find the maximum

of the function G2 we had to ensure
3 b nded hy tha Dro

LuuQllG Oy uwi€ pro

7O TraTn A,

we leIJUDCd was in
and summation constraints (see
urst you might think c nstraining problems like this would
make life easier — after all, we have a smaller search space to worry about
and therefore fewer possibilities to consi d“. That’s true, but remember that to
ble t t

r improved solutions we have to be aoie to move from one solutl
1x

5]
We need operators that will act

turn generate new feasible solutions that ar
already found. It’s here where the «reomvtx"

St of a,ll the courses fhat will be nﬁ‘nm,l Next, we
181

t and let’s not forget the
P, 1 rl ma_-. 1
ach class too. Third, we need a list of available classrooms,



22 L. Why Are Some Problems Diflienlt to Solve?
notmg the size and other facilities that cach offers (e.g., a white board, a video
i la})()g” tory eqnipment., and so forth). So then what are we trying to

Mo s e hhavd canateatnta-
ihere are tiiree narda constraints:

Fach class must be assigned to an available room that has enough seats
fox every assigned stude nt and has the requisite facilities for the type of
i ab must have beakers, Bunsen

(7‘
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Students who are enrolled in more than one class can’t have their classes
held at the same time on the same day.

Lomd namotmasmta R that  won rann nae ara tha

LiweivLo. u‘y vilau VT 1l1Tall IICDC alrc ulie
ed in order to have a feasible solution.
o far, any assignment that meets the

this means the task is quite similar to

haat i §
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P
Boolean variables) such that an overall evaluation function returns a value of
. Anything that violates h constraints means our evaluation function

returns a value of FALSE. But this alone doesn’t give us sufficient information
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We might be able to employ some stxategy that could provide this addi-
tional information. For example, we might judge the quality of the solution not

just by whether or not it satisfies the constraints, but for those assignments
that fail to meet the constraints, we could tally the number of times that the

constraints are violated (e.g., each time a student is assigned to two classes that
meet at the same time we increase the tally). This would give us a quantita-

tive measure of how poor cur infeasible solutions were, and it might be uscful
s toward successxveiy bettex solutions, minimizing L'ne number of

in guiding
constraint

a availahla canatn .‘:..
€ avaiiani€ COISUIL lLllJD.

e soft constraints, the things we hope to accomplish
hese include:
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but then there ar
but a.ren’t mandatory.

._a

e Courses that meet, twice a week should preferably be assig .o Monday
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hould preferably be assigned to

S
er assisnments
€r assignments

o Courses that meet three times per week
\ﬂnnrlnvq Wednesdays. and ndays, Ot

VaOndG, v Qays, and
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Course times should be assigned so that students don’t have to take final
exams for multiple courses without any breaks in between (final exam
times are typically based on the time for the course).

1.4 Constraints 23

e Il undergraduate prerequisite courses are scheduled for the same day as
dliaio sy ! .
bueir counterpart graduate courses, they shonid preferably be given carlier
than the graduate course (this facilitates learning foundational material

prior to advanced material in the same day)

. iy - .
¢ li more than one room satisfies the requircments for a course and is avail-
able at the designated timc, the course should be assigned to the

PR . | :
ainly we could imagine many more such soft constraints. Any aaalgn-
ment that meets the hard constraints is feasible, but not necessarily optimal ir

C
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jal

ligh ¢ the | 1
ght of the soft constraints. Here is where the pr s sticky. First, we have
e soft I terms so that we can

ifv each of the soft constraints into math
v COIISY v Tl (1 ll(“luablLd.
A R ) 'R
andidate a.smgnmems and de(lde that one is better than the
lution and, hopefully,

€ 50
generate anothel feasible solutlon that bet. tu meets the sof

Teot’s t amfL
Let’s

o Frat aciiae ca )
the first issue: each soft constraint has to be e quantified. Consid-

ering the first soft constraint, we could say that for each case where a solution
is feasible, we could count up the number of times twice-a-week courses be-

more r]nvq

1110IC Qays, «

1

utive days, and
. The lower the term, the better the solution. In fact,
Id employ a similar approach to each of the soft constraints. But what
n we’re through? We’d still need an overall method for

> of violation of each of these constraints. That 1s, we’d
15 to questions such as: which is worse, schedulin g
o-back final exams, or scheduling back-to-back ¢
of the campus? Each of these possible trade offs wor

o i
7.\_.
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Of course it’s worse than that because even after all of ¢
have been quantified, we are still left with 1 of searching for t
sienment: the solition +
assignme it the solution that is both feasible and minimizes our evaluation
for the soft constraints. Suppose we have found a feasible solution, but
it doesn i
loes 't do very well v:lth rleqamd to the soft constraints. Say we apply some
i rs to this sclution and we significantly improve the situation
with respect to the soft constraints, but in so doing, we generate a solution that
violates one hard constraint. Now what" We might choose to discard the solution

since it’s lnfea51ble. or we might see if we can repmr it to genelabc a Led.si[)le

1gnk
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solution that still handles the aoft canctrainte wall Tl thi
on SRab Stil Randies tae€ soit constraints well. Either way, this is typically
1 L

a difficult chore. It woulcl be even better to dev1se varlatlon of erators that
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wishful thinking. iifectively handling real-world constrained problems is one of

the most challenging tasks we face.

< = m I R e T I A T e
1.5 The problem of proviig tniings
ATl Lt 1 trango. in our aguest t
AlLIlougu it seems a sirange, in our quesy §
1 1 1 4 1

11
make matters more difficult than they have to

at many universities and in many countries, we’ve experienced the phenomenon

tha

tha yo SK &

oo varcs b ocian than if van ha ]n:r' them to nrove Qnmnfl’nnﬂ‘ :\}\rn t fh

find tnis much €asier wiail ix you dat asged Lic O prove .,\,u.vuuu.b apout the
o . 1

solution, even when the two tasks are exactly the same mathematically.

As an example, think about any mathematical problem with just a moderate
desree of difficulty. The task in the problem should be to find a Dartlcular value,

u\/5‘.l4\4 Vi \I.IALA\,/ A A AR S el Sl
whether it’s the height of a building

your homework. Regardless, the task should be to find the value of z. For
.mn]e you'll take four hours to fill a pool using a large pipe. You'’ll take six
|

o+
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you use a small pipe. How long would it take if you used both pipes?
e 11 r Lo d fn danenn SF UL T b cnlia 2?  aiich o Bnd thae
1t the problem 1s formulated in terms of “find the value z suca as, inda tne
amount of time required o fill the pool using both pipes — this is a fairly easy
task. But, f01 some reason, 1f we change the ask and 1nstead ask: prove that the
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than a, fewer

students wiil manage ths problem despite
more difficult. If you can find the
han a rnanant a, then the Dro
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people simply {
Generalizing on this observation, many problems are apparently difficult simply
f the difficulty encountered when facing the question: “How should I

Here’s an example to help you exercise your ability to frame problems and
get started on their solution:

Q

No doubt, the first inclination when reading this is to think “Do I have to?”
Vacs. vou r] . q{\ let S Q‘Pf started

I€s, you

First, it’s helpful to remin:
things. One way to prove something is simply to show that the conclusion

nra
PIoV
1

4Actually, the required time is 2 hours and 24 minutes.

r

> ¢. You simply cite the transitive law and you’re
(lone Another way to prove something is to consider the contrapositive. Recall
that “if p the n q” is lo mcallv eoulva](‘nt to '1f not q then not p.” Sometimes it

[

-

1

is to assume that the condition you are irying to prove is fals

and then show
that this is impossible. This is called proof by contradiction. Let’s try that here

Restating our problem, then, we need a proof that shows it’s impossible
tc construct a polvhedron m.nL. that all of the faces have a different .‘..MLA_
U CUllouIUuCy d nouiUl sudll vl 1 UL uuL 1aCCs 11aVe a QUIETeny nuIlroer

O
r~
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of edges. The problem seems difficuit
theorems about polyhedrons. There is a famous one — FBuler’s theorem — which
states that the following formula holds for every polyhedron:

£ G
v+ f=e+2,
whera 4 2. and f renresent the number of vertices edees and facas ~fFf tha
WL v, €, aull j 1Op1rootiit vuC uuiir O vEruces, CUges, 1 1accs UL Lo

1 11

polyhedron, respectively. But just how we might actually use this theorem in
proving that all of the faces must have a different number of edges isn’t very

clear.
Tha initial aton ig the hardagt nont F tha oo la T daad Lot o 1]
4116 1iivial Svep 15 e 11aidesy palt 01 vli€ puzzic. 111accd, nere vie proviel
doesn’t pr0v1de 15 with any convenient startmg pOlIlL Ther: 10 number n the

re’s o
problem, nothlng for us to factorize, divide by two, multiply by six, or anything
ions like this, it’s often advantageous to introduce such a number
1A o N L I
nea J 1aces. INOW we nave sometning, a

uestion: what is the minimum number of edges that a face may

swer is three, and in that case the face is a triangle. This minimum

And what is the maximum number of edges a face may have? vv'eii each
edge belongs to precisely two faces, so if we have a face with six edges, we
know that the face is part of a polyhedron with at least seven fa

v new facas one fn- cach o see R 18y ThL
X new iacles, Onc i10r cacdii Gusc, s€e ngure 1.9).

L
polyhedron that has f faces in total can’t have more than j
new face originates from each edge.

This concludes the proof.

1 £S e Dro

face olus s
face pius §

have a numbpr of edges between 3 and f—l , then some re

have of edge me p n he number
AF Adsnn cmiaed i e ~ £ £ PR Y S 1o,

O1 €ages musSi OCCur across the J 1aces. There are more {: han pOSS Dliities
for the number of edges, so you’ll have to use some of these numbers more than

once. Therefore, at least two faces will have the same number of edges.
The kevs to solving this problem were to invent a startine noint to nursue
ys to solving this problem were to invent a starting point to pursue
PR I RPN AR ' I __,1
allu 1[10u 108€ lsllb oL e SU L.
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Mr. Smith and his wife invited four other couples for a party. When
everyone arrived, some of the people in the room shook hands with

We encourage you to put the book aside and try to frame this probiem for
yourself. Try to think of a starting point, maybe a graphical image that describes
the problem, and see if you can follow it through to a successful conclusion.

tiie aplem g

[20) "I, thot thic nrohlam 15 a challence ig that onee acain there’s no
J.uc L1Ca>vVLL uua.u LIS i.uuuu.du 10 @ ULGUITIIET 10 uvdat Uuls dgailil uliCic 5 uv
obvious starting point, but it’s reaily quite simple to develop a graphical model

for the problem (see figure 1.6).

many times ""\pv shook someone’s hanr‘ and that all nf fhe answers he received

were different.
What answers did he get then? Well, the minimum number of handshakes
ero: it’s possible that some antisocial person didn’t shake anyone’s hand at

S
all Rut what 1 mum number of handshakes for a single nereon? It
ail. DUL

the maxi

the maximum number of handshakes for a single person?
is more difficult to think of asking this question than it is to answer it. The
maximum number of handshakes for a person is eight, as there are ten people
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Fig.1.6. Mr. Smith and the other people

in the room, and a person can’t shake hands with himself or herself nor with
his or her spouse

1 asked the question to nine
were different. Furthermore, each
. Therefore, the answers he recelved

0 O O°

a8
-
Mr. Smith
ni ).V S o S R L I I, A 1 e 1 B . - 3 P 3o~ =
Hig. 1.0 VIT. OIMivd and tne ovner people. 1ne nuimber oI nandsnakes 1s Indicated for each
person {except Mr. Smith).

the next step, then? What can we infer? It seems, not much. We've

t en advantage of the fact that all of the answers were diffe vrent7 and
; knaw all of +Lnnn mmaurara Raab oo e bl . Q
<now ai of these answers. But how many times did Mrs. Smith sna.Ke

hich of the people in figure 1.7 is Mrs. Smith, anyway? If we only
shaken hands with whom, then everything would be easier.

wm
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W . , . .
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But, can’t we? Let’s try to draw all of the handshakes that were exchanged. We can repeat this reasoning for persons 6 and 5. After adding the lines
The 3 8 (we : W v oxcent M Smith by the number of L ] i P
The person 8 (‘W I name evervone except Mr. Smith by the number of hand- that correspond 1o the handshakes they exc hanged we find an interesting graph
do - it 5 1 ith everv: s[se >
shakes they exchanged) shook hands cight times, i.e., with everyone else in tic shown in figure 1.10. The immediate conclusions are:

room except himseif or lersell and lis or her spouse. We can do two things

based on this observation. We can draw all of the handshakex made b ¢ The spouse of person 6 is person 2.
1 .

(see ficure 1.8) and we can aleo conclude
(see figure 1.8) and we can also conclude )
0. person 3.
T U ) clusio i, we 1{1'1()‘ n thaf, the spouse of Mr. Smith is person 4.
Y 5 I'nerelore, Mrs. Smith exchanged four handshakes.
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Fig.1.8. Mr. Smith and the other people. Bach handshake from person 8 is indicated. Mr. Smith

Fig.1.10. Mr. Smith and the other people. All of the handshakes are indicated.

d seven hanuohakes, i.e., with everyone in the
1
h

person 7. T h}s person exc..aﬂge
room except himself or herself, his or her spouse, and the spouse of person 8. , How did you do?

Again, we can add all of the handshakes made by person 7 to our model (see

figure 1.9) and we can also conclude that the spouse of person 7 is person 1.
' 1.7 Summary
4
O
30 N O 5 ! Problem solving is difficult for several reasons:
NN | |
|
......... Ll»_.»A Y /R . 1 o ey 2 1 . i
) ¢ Complex problems often pose an enormous numb 1
~ \ \\ \ \ 6 : p P P er ol possible solutions. i
2R N\ NV , ‘ i
SO\ A e To get any sort of solution at all, we often have to introduce simplifica- I
i
B DN e AN\ 7 tions that make the problem tractable. As a result, the solutions that we i
1 O— SO\ [T ) generate may not be very valuable. !
, O T2, : ¢ The conditions of the problem change over time and might even involve !
P : other peopie who want you to fail E
Mr. Smith ! ¢ Real-world problems often have constraints that require special operations
: to generate feasible soluti !
Fig.1.9. Mr. Smith and the other people. All of the handshakes from persons 8 and 7 are .
indicated Furthermore, problen\ 50 ‘v:“" is fter more d'ﬁcult than it needs to be
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