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PREFACE

This book is devoted to statistical learning theory, the theory that explores

ways of estimating functional dependency from a given collection of data.

This problem is very general. It covers important topics of classical statistics—
in particular, discriminant analysis, regression analysis, and the density esti-

mation nrohlam
Aii14avivsia tll NI/ AN/RAL .

In this book we consider a new paradigm for solving these problems: the
so-called learning paradigm that was developed over the last 30 years. In
contrast to the classical statistics developed for large samples and based on
using various types of a priori information, the new theory was developed
for small data samples and does not rely on a priori knowledge about a
problem to be solved. Instead it considers a structure on the set of functions
implemented by the learning machine (a set of nested subsets of functions)
where a specific measure of subset capacity is defined.

To control the generalization in the framework of this paradigm, one has
to take into account two factors, namely, the quality of approximation of
given data by the chosen function and the capacity of the subset of functions
from which the approximating function was chosen.

This book presents a comprehensive study of this type of inference (learn-
ing process). It contains:

e The general qualitative theory that includes the necessary and sufficient
conditions for consistency of learning processes

e The general quantitative theory that includes bounds on the rate of
convergence (the rate of generalization) of these learning processes

e Principles for estimating functions from a small collection of data that
are based on the developed theory

e Methods of function estimation and their application to solving real-life
problems that are based on these principles

The book has three parts: “Theory of Learning and Generalization,”

“Support Vector Estimation of Functions,” and “Statistical Foundation of
1 .earning Thenry_”

The first part, “Theory of Learning and Generalization,” analyzes factors

XXi
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responsible for generalization and shows how to control these factors in order
to generalize well.

This part contains eight chapters. Chapter 1 describes two different
approaches to the learning problem. The first approach considers lcarning
as a problem of minimizing an expected risk functional in the situation when
the probability measure that defines the risk is unknown but 1.i.d. observa-
tions are given. To obtain a solution in the framework of this approach. one
has to suggest some inductive principle. That is, one has to define a con-
structive functional that should be minimized (instead of the expected risk
lUll(llU[]dl) in UIULI to find a IUIlLllUIl llldl gUdldlllCCb a SIndll CXpCLlCU lUS\
The second approach considers learning as a problem of identification of the
desired function: Using observations, one has to find the function that is close
to the desired one. In general, this approach leads to the necessity of solving
the so-called ill-posed problems.

Chaplcr 2 discusses connections between the main problems of learning

honry and nrahlamce of tho fn| r“: tyon
e )‘ auu PlUUl\/lllD Vi L1IL 1Uu ll\.l L1vul1 UL o

cstlmdtmg the probability measure from the data. It describes two ways o
cstimating the probability measure. One way is based on the convergence of

-

v

an ogt m)ha of the nrnh)l‘“hh/ measure in a weak mode. and ancther wavy 1s
Al \.«Jkl.llu rl LA’ lll‘] a11 CANAL Vv 111 QO A AN lll\lu\/q QLI QAlivliin . Yy u] a0

based on convergence in a strong mode. These two ways of estimating the
unknown measure imply two approaches to the learning problem described
in Chapter 1.

Chapter 3 is devoted to the qualitative model of learning processes, namely.
to the theory of consistency of the learning processes based on the empirical
risk minimization induction principle. It shows that for consistency of the

learning processes based on thls pr1nc1ple the convergence of some empmcal
processes (the existence of uniform law of large numbers) is necessary and
sufficient. In Chapter 3 these conditions are discussed. (The corresponding
theorems will be proven in the third part of the book.)

Chapters 4 and 5 estimate the bounds on the rate of convergence of the
empirical processes. Using these bounds we obtain bounds on the risk for the
functions that minimize the empirical risk functional. In Chapter 4 we obtain
bounds for sets of indicator functions (for the pattern recognition probiem),
and in Chapter 5 we generalize these bounds for sets of real-valued functions
(for regression estimation problems). The bounds depend on two factors: the
value of empirical risk and the capacity of the set of functions from which
the function minimizing empirical risk was chosen.

In Chapter 6 we introduce a new induction principle, the so-called “struc-
tural risk minimization™ principle, which minimizes bounds obtained in Chap-
ters 4 and 5 with respect to two factors, the value of empirical risk and the

capacity. This principle allows us to find the function that achieves the guar-
anteed minimum of the expected risk using a finite number of observations.

Chapter 7 is devoted to solving stochastic ill-posed problems, including
the problems of density estimation, conditional density estimation. and con-
ditional probability estimation. For solving these problems, we utilize the



regularization method (which is based on the same ideas as the structural
risk minimization principle). Using this method, we obtain both the classical

methods for the solution of our problems and new ones.

In Chapter 8 we consider a new statement of the learning problem. We
introduce the problem of estimating values of a function at given points of
interest. For a restricted amount of empirical data, the generalization abil-
ity using the direct methods of estimating the vaiues of a function at given
points of interest can be better than using methods of estimating the func-
tion. Therefore, we consider methods of direct estimation of the values of
the function at given points of interest that are not based on the estimation
of the functional dependency.

The second part of this book, “Support Vector Estimation of Functions,”
introduces methods that provide generalization when estimating a multi-
dimensional function from a limited collection of data.

This part contains ﬁve chapters Chapter 9 describes classical algorithms:

Chapters 10, 11, 12, and 13 are devoted to new methods of solving depen-
dency estimation problems, the so-called support vector method. Chapter

QrIT e
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pattern recognition problems). Chapter 11 considers support vector machines
for estimating real-valued functions.

Chapters 12 and 13 discuss solutions of real-life problems using support
vector machines. Chapter 12 discusses pattern recognition problems, and
Chapter 13 discusses various real-valued function estimation problems such

as function approximation, regression estimation, an

lems.

The third part of this book “Statistical Foundation of Learning Theory,”
studies uniform laws of large numbers that make generalization possible.

This part contains three chapters. Each of these chapters studies a different
empirical process: uniform convergence of frequencies to their probabilities
over a given set of events (Chapter 14), uniform convergence of means to
their expectations over a given set of functions (Chapter 15), and uniform
one-sided convergence of means to their expectations over a given set of
functions (Chapter 16). Convergence of these processes forms the basis for
the theory of learning processes and for theoretical statistics.

Bibliographical, historical, and general comments, reflecting the author’s
point of view on the development of statistical learning theory and related
disciplines, are given at the end of the book.

The first two parts of the book are written at a level for use in a graduate
course on learning theory in statistics, mathematics, engineering, physics, and
computer science. It should also appeal to professional engineers wishing
to learn about ieari‘iii‘ig uu‘:OI"y' or to use new methods for survmg real-life
problems. The third part is written at a higher level. It can be used in a
special course on empirical processes for Ph.D. students in mathematics and

statistics.
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CTATICTIAAAL INITEDNCANIMDE
STATISTICAL INFERENCE

0.1 LEARNING PARADIGM IN STATISTICS

The goal of this book is to describe a new approach to dependency estimation
problems which originated within learning theory.

The development of this approach started in the 1960s after the appearance
of the first generation of computers capable of conducting multidimensional
analysis of reai-iife probiems. From the very first resuits of these analyses it
became clear that existing classical approaches to low-dimensional function
estimation problems do not reflect singularities of high-dimensional cases.
There was something in high-dimensional cases that was not captured by the
classical paradigm. R. Bellman called this something “the curse of dimension-
ality.” In attempts to overcome this curse a new paradigm was developed.

When developing the new paradigm it was fortunate that in the late 1950s
F. Rosenblatt started analysis of the pattern recognition problem. From the
formal point of view the pattern recognition problem belongs to the gen-

aral nfof|c|’|(\q| nrahlam Af fiinctian acti atian fra nirical data Hawavar
CTidal swauiduival lJl\JUl\.«ll.l O1 1Unclion esumation ircm \,lllyll iCai1 Gata. LXUWUVCI,

in this problem one has to estimate a function belonging to simple sets of
functions—sets of indicator functions. Analysis of these simple sets was cru-
cial for discovery of the concepts that determine the generalization ability,
the so-called capacity concepts of a set of functions. These concepts would
be hard to extract from analysis of more sophisticated sets of functions—sets
of real-valued functions. Capacity control became one of the main tools in
the new approach.

Later, in the 1980s, when the theory of this approach had been essentially
developed, it was noted that a generalized version of one of the problems

at the cornerstone of statistics (the Glivenko—Cantelli problem) leads to the
same analysis that was developed for the theory of learning and generaliza-

1



2 INTRODUCTION: THE PROBLEM OF INDUCTION AND STATISTICAL INFERENCE

traditional statistical tcrms Nevertheless. the new paradigm in statistics was
developed at the periphery of statistical science as an attempt to analyze the
problem of generalization in the simplest model of statistical inference—the
pattern recognition problem.

This fact constitutes an important methodological discovery. The pattern
recognition problem is one of the simplest models of inductive inference.
Rc.sul for lhlb model can be gcneralucd for other (more complex) models
using more or less standard mathematical techniques. Therefore in studies
of statistical inference, the pattern recognition model plays the same role as
the drosophila fly in studies of genetic structures.

In this book we try to develop a general approach to statistical inference.
For this purpose we analyze the pattern recognition problem in great de-
tail and then generalize the obtained results for solving main problems of
statisticai inference.

0.2 TWO APPROACHES TO STATISTICAL INFERENCE: PARTICULAR
(PARAMETRIC INFERENCE) AND GENERAL (NONPARAMETRIC
INFERENCE)

The elements of statistical inference have existed for more than 200 vears
(one can tind th >m in the works of Gauss and Laplace): however, the sys-
t

N T t'n analvy \f th 2S¢ DY oblems star u{:l onlyv in ﬂnn l. ate 102()¢
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By that time, dcscrnplwt statistics was mostly complete: [t was shown that
there are different statistical laws (distribution functions) that describe well
many cvents of reality. The next question to be investigated was finding a
reliable method of statistical inference. The problem was as follows:

Given a collection of empirical data originating from some functional de-
pendency, infer this dependency.

In the 1920s the analysis of methods of statistical inference began. Two
bright ¢vents signaled this start:

l. Fisher introduced the main models of statistical inference in the uni-
ticd framework of parametric statistics. He described different problems
of L\llmdllnb functions from Elvcn data \tm, pl()muus of discriminarnt
analysis, regression analysis, and density estimation) as the problems of
parameter estimation of specitic (parametric) models and suggested one
method for estimating the unknown parameters in all these models—
the maximum likelihood method.

Glivenko, Cantelli, and Kolmogorov started a gencral analysis of sta-
tistical inference. Glivenko and Cantelli proved that the empirical dis-
tribution function always converges to the actual distribution function,
Kolmogorov found the asymptotically exact rate of this convergence.

o



0.2 TWO APPROACHES TO STATISTICAL INFERENCE 3

The rate turns out to be fast (exponential) and independent of the
unknown distribution function.

These two events determined two main approaches to statistical inference:

1. The partzcular (parametric) inference, which aims to create srmple
atict al athnde Af 1

1 a
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problems, and
2. The general inference, Wthh aims to find one (induction) method for

PRSP
Statistic llllClCllLC

ally pl1 UUIC 10

The philosophy that led to the creation of parametric statistical inference is
based on the following belief:

The investigator knows the problem to be analyzed rather well. He knows
the physical law that generates the stochastic properties of the data and
the function to be found up to a finite number of parameters. Estimat-
1ng these parameters usmg the data is considered to be the essence of

lllC PlUUlClll Ul bld iS lbdl llllClCllLC lU llllU llle p?u u
formation about the statistical law and the target function, one adopts
the maximum likelihood method.

The goal of the theory is to justify this approach (by discovering and
describing its favorable properties).

ameters using in-

at one wou 1ld il A t~
dat O1ic wouid 1iK¢ o

One does not have reliable a priori information about the statistical law
A
u
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approximate. It is necessary to find a method to infer an approximating
function from the given examples in this situation.

The corresponding theory must:

1. Describe conditions under which one can find in a given set of func-
tions the best approximation to an unknown function with an increasing
number of examples.

Find the best method of inference for a given number of examples.

N

Kolmogorov’s discovery that the empirical distribution function has a univer-
saily (i.e., independent of the actual distribution function) asymptotic expo-
nential rate of convergence fostered hope that the general type of inference
is feasible. The results of Glivenko, Cantelli, and Kolmogorov started more
than 40 years of research on general statistical inference before it culminated
in inductive methods.

The theory of these methods is the subject of this book.
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0.3 THE PARADIGM CREATED BY THE PARAMETRIC APPROACH

in contrast to the slow development of general inductive inference, the para-
metric approach to inductive inference was developed very quickly. In fact,
the main ideas of parametric inference were developed in the 1930s, and dur-
ing the next 10 years the main clements of the theory of parametric inference
were introduced.

The 30-year period between 1930 and 1960 can be called the “golden
age™ of parametric inference. During this period, one approach to statistical
inference dominated: the approach based on parametric paradigms. Only one
lhcory of SldllSthdl mfcrcncc was accepted, namely the theory that served

Of course. the results of Glivenko. Cantelli, and Kolmogorov were known:

however. they were considered as inner technical achievements that are nec-

" Aty A ogtat 2l thao thor tha 3 A3 ts
essary for the foundation of statistical theo Iy 1 rather than an indicati

there could be a different type of inference which is more general and more
powerful than parametric inference.

In any case, almost all standard statistical textbooks considered the prob-
lem of inference from the point of view of the parametric paradigm. and thus
several generations of statisticians were educated in this framework.|

The philosophy of the classical parametric paradigm is based on the fol-
lowing three beliefs:

. 1o find a functional dependency from the data, the S‘(ll(iS’tl(l(lll is able to

ns linear in thoir nars nnotur( that
ry & Frev i u

define a set of functions, linear in their para

,l
approximation to the desired function. The number of free parameters

describing this set is small.

This belief was supported by referring to the Weierstrass theorem, according
to which any continuous function can be approximated on a finite inter-
val by polynomials (functions linear in their parameters) with any degree
of accuracy. The idea was that if polynomials can approximate the desired
function well, then a smart statistician can define a set of functions. linear in
their parameters (not necessarily polynomials) with a small number of free
paramelters that provides a good approximation to the desired function.

pmble;m is the normal law.

3 Bl
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states that under wide conditions the sum of a large number of random

"1t 1s fair to note that in the time before wide availability of computers (before 1960s) the goal
of applied statistics was to create computationally simple methods, and parametric statistics was
responsive to these hmitations.
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variables is approximated by the normal law. The idea was that if randomness
in the problem is the result of interaction among a large number of random
components, then the stochastic element of the probiem is described by the
normal law.

3. The induction engine in this paradigm—the maximum likelihood method

—is a onnd tool fnr Pcnmnnna parameters.

This belief was supported by many theorems about conditional optimality of

the method {optimality in a restricted set of methods and/or in the asymptotic

case). The maximum likelihood method was hoped to be a good tool for
estimating parameters of models even for small sample sizes.
Note that these three beliefs were also supported by the philosophy:

If there exists a mathematical proof that some method provides an asymp-

tntionallyy antimal cnliiting thp vl thiic sapslhnd i menuids
luut,uu_y Ul]ll”lul JULMILU’I, l’lC’l l’l rcut llJC l’ll;) rricirivu Wlll PlUVluC u

reasonable solution for a small number of data samples.

0.4 SHORTCOMING OF THE PARAMETRIC PARADIGM

In the 1960s, the wide application of computers for solving scientific and
applied problems started. Using computers, researchers for the first time tried
to analyze sophisticated models (that had many factors) or tried to obtain
more precise approximations. These efforts immediately revealed shortcom-
ings of the parametric paradigm in all three of the beliefs upon which the
paradigm was based.

1. First, the computer analysis of large multivariate problems resulted in
the discovery of the phenomenon that R. Bellman called “the curse of
dimensionality.” It was observed that increasing the number of factors
that have to be taken into consideration requires exponentially increas-
ing the amount of computational resources. For example, according to
the Weierstrass theorem, any continuous function (of n variables) de-
fined on the unit cube can be approximated by polynomials with any
degree of accuracy. However, if the desired function has only s deriva-
tives, then using polynomials with N terms one can only guarantee the
accuracy O (N“/"). If the unknown function is not very smooth (i.e.,
it possesses only a small number of derivatives), then to obtain the de-
sired level of accuracy one needs an expoﬁeﬁlldlly increasi ng nu mbe
of terms with an increasing number, n, of variables.

Therefore, in real-life multidimensional problems in which one may
consider dozens or even hundreds of variables, the belief that one can
define a reasonably small set of functions that contains a good approx-

imation to a desired one looks naive.

-
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Approximately at the same time, by analyzing real-life data. Tukey
demonstrated that the statistical components of real-life nproblems can-

.......................................................... P AL LAkl

not be described by only classical stdtlsllcal distribution functions. Often

real-life distributions are different, and one must take this difference
into account in order to construct effective algorithms.

3. In addition, James and Stein showed that even for simple problems of
density estimation, such as the problem of estimating the location pa-
rameters of # > 2 dimensional normal law with unit covariance
matrix (for estimating means), the maximum likelihood method is not
the best one. They suggested an estimator that for this specitic problem

1s unifo mlv better than the maximum likelihood estimator

IO a2l A0 IIIQARIITRANIT IR IR e USRI GNE,

Thus,. all three beliefs on which the classical paradigm relied tu d ut to
be inappropri ; ' real-life problems. This had an enor

quence for statistical science: It looked as if the idea of constructing statistical
inductive inference methods for real-life problems had failed.

MO ~CONg
lll\l\-l) ~ (24

0.5 AFTER THE CLASSICAL PARADIGM

The discovery of difficulties with the classical paradigm was a turning point in
statistics. Many statisticians r onsldt, ed the mam goal of the entire statisti-
cal analysis business. A new di on in

“data dnalysls " where the goal was to help researchers perform inductive
inferences from data, rather than to do so using purely statistical techniques.
Therefore, various techniques were developed for visualizing data, tor clus-
tering data, for constructing features, and so on. In other words. tools were
developed that would enable a researcher to make informal inferences.

One can summarize the philosophy of the data analysis approach as the

following declaration:

RS V2 1S dAoerlarad tho ~allad
O 11U, lll\.« D\’ \,aut,u

One must note, however, that tremendous efforts have been made to save
the classical paradigm by generalizing all three of its main presumptions:

[. In the 1960s, P Huber developed the so-called robust approach to para-
metric statistics, where one does not need to specify a statistical law in
order to estimate a function from a given parametric set of functions.

I

1Yy

In the | VAV in 4an aucmpl to use a wider set of [UIiClI()IiS. J. Nedler
and R. Wedernburn suggested the so-called generalized linear models.
Attempts to use wide sets of functions created the problem of model
selection. Several asymptotic results regarding solutions of this problem
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were obtained. (However, understanding of the modei-seiection prob-
lem as a small sample size problem came later when a new inductive
paradigm was created. We will discuss the small sample size problem
in this book.)

3. In the 1980s L. Breiman, P. Huber, and J. Friedman started to consider
special types of functions, nonlinear in their parameters, and started to
use the regularized empirical risk minimization method instead of the
maximum likelihood method.

Nevertheless, in spite of these and many other achievements, the limitations
of the classical parametric paradigm remain, and therefore currently not many
researchers consider the classical paradigm as the main approach to statistical
inference.

E RENAISSANCE

"~ 2z
V.0

The return to the general problem of statistical inference occurred so imper-
ceptibly that it was not recognized for more than 20 years.

In 1958, F Rosenblatt, a physiologist, suggested a learning machine
(computer program) called the Perceptron for solving the simplest learning
problem: namely, the classification (pattern recognition) problem. The con-
struction of this machine reflected some existing neurophysiological models
of learning mechanisms. With the simplest examples, F. Rosenblatt demon-

tratad that tha D + W14 13 A fe tha D + .
Siraicd wnar uiC rércepucn Coua gencraiize. AT uic rercepiron, many

different types of learning machines were suggested. They didn’t generalize
worse than the Perceptron, but they had no neurobiological analogy.

The natural guestion arose

A div ..u; 33 uvutnv.. Qi1 USv

Does there exist something common in these machines? Does there exist a
general principle of inductive inference that they implement?

Immediately a candidate was found for such a general induction princi-
ple: the so-called empirical risk minimization (ERM) principle. In order to
achieve good generalization on future (test) examples, the ERM principle
suggests a decision rule (an indicator function) that minimizes the number
of training errors (empirical risk). The problem was to construct a theory for
this principle.

At the end of the 1960s, the theory of ERM for the pattern recognition
problem was constructed.! This theory included both (a) the general qual-
itative theory of generalization that described the necessary and sufficient

fSeec monograph by V. N. Vapnik and A. Ya. Chervonenkis Theory of Pattern Recognition.
Nauka, Moscow, 1974, 416 pages. German translation: W. N. Wapnik and A. Ya. Tscherwonenkis
Theorie der Zeichenerkennung. Akademia, Berlin, 1979, 352 pages.
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conditions for consistency of the ERM induction principle (valid for any set
of indicator functions—that is, {0. 1} valued functions on which the machine
minimizes the empirical risk) and (b) the general guantitative theory that
described the bounds on the probability of the (future) test error for the
function minimizing the empirical risk.

[t must be noted that the ERM principle was discussed in the statistical
literature several times before. The essential difference, however, was that in
the pattern recognition problem ERM inference is applied to sets of simple
ﬁznclhms’—namelv to sets of indicaror functions—while in classical statistics
it was applied to various sets of real-valued functions. Within 10 years, the
theory of the ERM principle was generalized for sets of real-valued func-
tions as well.m However, it was extremely lucky that at the first and the most
important stage of developing the theory. when the main concepts of the
entire theory had to be defined, simple sets of functions were considered.
(umralmn& the results obtaine d for cstlmdtmg indicator functions (pattcrn
rob r

00 1lued fnnp(
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density functions, ctc.) was a purc,ly technical achievement. To
seneralizations, no additional concepts needed to be introduced.

0.7 THE GENERALIZATION OF THE GLIVENKO-CANTELLI-
KOLMOGOROV THEORY

Application of the ERM principle does not necessarily guarantee consistency
(1.c., convergence to the best possible solution with an increasing number of
obscrvations). Therefore, the main issues that drove the development of the
EERM theory were as follows:

1. To describe situations under which the method is consistent—that 1s, to
find the necessary and sufficient conditions for which the ERM method
detines functions that converge to the best possible solution with an
increasing number of observations. The resulting theorems thereby de-
scribe the qualitative model of ERM inference.

[§S]

To estimate the quality of the solution obtained on the basis of the
given sample size stimate both the probability of error
for the function that minimizes the empirical risk on the given set of
training examples and to estimate how close this probability is to the
smallest possible for the given set of functions. The resulting theorems
characterize the generalization ability of the ERM principle.

‘coenition nrnhlm'n 1t was

'See monograph by V. N. Vapnik Estimation of Dependencies Based on Empirical Data. Nauka,
Moscow, 1979, 442 pages. English translation: Springer-Verlag, New York. 1982, 400 pages.
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0.7 THE GENERALIZATION

necessary to construct a theory that can be considered as a generalization of
the Glivenko-Cantelli-Kolmogorov results.

According to the classical law of large numbers, the frequency of any
event converges to the probability of this event with an increasing number
of observations. However, the classical law of large numbers is not sufficient
to assert that for a given set of events the sequence of probabilities of events
with the smallest frequency converges to the smaiiest possibie vaiue for this
set (i.e., to assert the consistency of the ERM method). Instead, it was proven
that in order to ensure the consistency of the ERM method, it is necessary and
sufficient that the uniform law of large numbers holds (uniform over all events
of the set of events defined by the set of indicator functions implemented by
the learning machine).

One can reformulate the Glivenko-Cantelli theorem as an assertion that
for some specific set of events there exists a uniform law of large numbers
and the Kolmogorov’s bound as the bound on the asymptotic rate of uniform
convergence of the xrequenaes to their pl‘OuauuuiES over this SpﬁCmL set of
events. Therefore, to construct a general theory of the ERM method for pat-

tern recogmtlon one has to generalize the Glivenko—Cantelli-Kolmogorov

1. For any given set of events, to determine whether the uniform law of
large numbers holds (i.e., does uniform convergence take place?).

T“ ||"\;“‘ NPTy AANTIar
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rate of uniform convergence.

!\)

Note that these bounds are generalizations of Kolmogorov’s
respects: Tth must be valid for a finite number of observ ,at_ons

must be vahd for any set of events.

This theory was constructed in the late 1960s (Vapnik and Chervonenkis,
1968, 1971). The cornerstone in this theory is a collection of new concepts, the
so-called capacity concepts for a set of events (a set of indicator functions).
Of particular importance is the so-caiied VC dimension of the set of events
(the VC dimension of the set of indicator functions implemented by the
learning machine) which characterizes the variability of the set of events
(indicator functions). It was found that both the necessary and sufficient
conditions of consistency and the rate of convergence of the ERM principle
depend on the capacity of the set of functions implemented by the learning
machine.

In particular, it was proven that for distribution-independent consistency
of the ERM principle it 1s necessary and sufficient that the set of functions
implemented by the learning machine has a finite VC dimension. It was
also found that distribution-free bounds on the rate of uniform convergence
depend on the VC dimension, the number of training errors, and the number
of observations.



The bounds for the rate of uniform convergence not only provide the main
theoretical basis for the ERM inference, but also motivate a new method of
inductive inference.

For any level of confidence, an cquivalent form of the bounds detine
bounds on the probability of the test error simultaneously for all functions of
the learning machine as a function of the number of training crrors, of the
VC dimension of the set of functions implemented by the learning machine,
and of the number of observations.

This form of the bounds led to a new idea for controlling the generalization
ability of lcarning machines:

To achieve the smallest bound on the test error by controlling (minimizing)
the number of training errors, the machine (the set of functions) with the
smallest VC dimension should be used.

These two requirements—to minimize the number of training crrors and
to use a mdchmc (a scl of functions) wuh a small VC dimension—are con-

5 N
a tunctlon from a \MdL set of functions, rather than from a narrow set.
with small VC dimension. Th efore, to find the best guarantgcd soluu(m
. ,

one has 1o make a compro between the ac
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the training data and the capacity (thc VC dlanm()n) of the machine that
one uses to minimize the number of errors. The 1dea of minimizing the test
crror by controlling two contradictory factors was formalized by introducing
a new induction principle. the so-catted Structural Risk Minimization (SRM)
principle.!

One has to note that the idea of the existence of a compromise in inductive
inference has been discussed in phitosophy for atmost 700 years. since William
of Occam proposed in the fourteenth century the general principle known as
Occam’s razor:

Entities should not be muldtiplied bevond necessitv.

The attempt to provide Occam’s razor with an cxact sensce underlies these
discussions. The most common interpretation of Occam’s razor is:

The simplest explanation is the best.
The assertion that comes from the SRM theory is difterent:

Sce tootnote on page 8.
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The explanation by the machine with the smallest capacity (VC dimension)

is the best

(4 oA\ 1 2N

Two important points should be mentioned in connection with introducing
the capacity concept (instead of the simplicity concept).

First, capacity determines both the necessary and sufficient conditions for
consistency of learning processes and the rate of convergence of learning
processes. Therefore, it reflects intrinsic properties of inductive inference.

Second, naive notions of complexity (for example, the number of parame-
ters) do not necessarily reflect capacity properly. In this book, we will describe
an example of a simple set of functions that depends on only one parameter
and that has infinite VC dimension, as well as a set of functions with a billion
parameters that has low VC dimension. We will see that if the VC dimen-
sion of a set of functions is infinite {even if we consider a set of “simple
functions), then the so-called situation of nonfalsifiability (described by K.
Popper in his analysis of philosophy of science) prevents generalization from
taking place. On the other hand, we will also describe a learning machine,
which uses a high-order of polynomials (say five) in a high-dimensional space
(say 400) which has a good generalization ability due to capacity control.

The discovery that the generalization ability of the learning machine de-
pends on the capacity of the set of functions implemented by the learning
machine which differ from the number of free parameters is one of the most

imnortant achievementc of the new theorvy
lllll}\ll SCILIL UUwilIWw Y Vil vILAvGD UL CiAN LA YY Lidiv s J'

Capacity control in inductive inference makes it possible to take into
account the amount of training data. This was discovered in the mid-1970s
for the pattern recognition problem; and by the beginning of 1980, all of the
results obtained for sets of indicator functions were generalized for sets of
real-valued functions (for the problem of regression estimation).

Capacity control in a structured set of functions became the main tool
of the new paradigm. It is especially important when one tries to make an
inference based on a small sample sizes.

0.9 THE MAIN PRINCIPLE OF INFERENCE FROM A SMALL
SAMPLE SIZE

The key idea for creating effective methods of inference from small sample
sizes is that one performs inference in situations where one possesses a re-
stricted amount of information. To take this fact into account, we formulate
the following Main Principle:

fWe consider the size ¢ of data to be small for estimating functions on the basis of the set of
functions with VC dimension 4 if the ratio ¢/h is small (say ¢/h < 20).



If vou possess a restricted amount of information for solving some pmblem
tryv to solve the problem directly and never solve a more general problen

as an intermediate step. It is possible that the available information is
sufﬁuem fnr a direct solution but is insufficient for solving a more general

In spite of the obviousness of the Main Principle, it is not casy to follow
it. At least the classical approach to statistical inference does not follow this
principle. Indeed, in order to estimate decision rules, the classical approach
suggests estimating densities as a first step (recall the classical parametric
paradigm based on the maximum likelihood method). Note that estimating
probability densities is a universal problem of statistics. Knowing the den-
sity, one can solve many different problems. For example, one can estimate
the conditional density, which can be described as a ratio of two densities.
Therefore, in general. density estimation is a hard (ill-posed) problem that
requires a large number of observations to be solved well.

However. even if one needs to estimate the conditional density, one must
try to find it directly, and not as a ratio of two estimated densities. Note that
often conditional densities can be approximated by low-dimensional functions
even if the densities are high-dimensional functions.

In an attempt to solve the function estimation problem directly, we derived
bounds on the quality of any possible solution (bounds on the generalization
ability) and introduced a method to control the gencralization ability by
minimizing these bounds. This brought us to the SRM inductive principle
which explicitly incorporates capacity control.

Following thc logic of the Main Principle a step further brings us to an
idca of inference that goes beyond induction.

In many rca
function only at points of interest (i.e.. on the test set). To solve thls problem.
the established paradigm uses a two-stage procedure: At the first (induction)
stage we estimate the function from a given set of functions using an induc-
tion principle, while at the second (deduction) stage we use this function to
cvaluate the values of the unknown function at the points of interest. At the
first stage of this two-stage scheme, we thus solve a problem that is more
general than the one we need to solve. To estimate an unknown function
means to estimate its values at all points in the domain of this function. Why
solve a much more general problem—function estimation—if we only need
to estimate the values of a function at a few (> 1) points of interest? In sit-
uations whcrc we have a rcstricted amount of information it is possible that
we can estimate the v s of the unknown function _rgdsgm,ahlv well at mu n
points of mtcrest but Cannot estimate the values of the function well at «a//
points of its domain.

The direct estimation of values of a function only at points of interest using
a given sct of functions forms a new type of inference which can be called
transductive inference. In contrast to the inductive solution that derives results
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in two steps, from particular to general (the inductive step) and then from

general to particular (the deductive step), the transductive solution derives
results in one step, directly from partlcular to particular (the transductive
step).

Therefore the classical paradigm often contradicts the Main Principle. To
avoid these contradictions a new approach was developed.

0.10 WHAT THIS BOOK IS ABOUT
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is statistical inference (inference for the 51mplest statistical models).
The main problem in inductive inference lies in philosophy, in finding

rinrinlac ~AFf infaran ,..1‘ rathar than in tho mathamatical analucs
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1
formulated principles. However, to find the principles of inference that reflect
the phenomenon of human inference, one cannot utilize two thousand years
of philosophical heritage. Recall that when in the beginning of the 1960s
the problem of modeling learning processes on computers arose, the only
inspiration for constructing learning machines was a physiological analogy

-
—
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For this reason, it is important to analyze in great detail a simple math-
ematical problem of induction and try to discover the general principles of

inference from this analvsis. Such a simple mathematical problem is the pat-

inference from this analysis 1 a simple mathematical problem is
tern recognition problem.!

The following three claims constitute the most important results of ana-
lyzing the pattern recognition problem and its generalization, the estimation
of real-valued functions:

1. The theory of induction is based on the uniform law of large numbers.
2. Effective methods of inference must include capacity control.

3. Along with inductive inference there exists transductive inference which
in many cases may be preferable.

Not all of these claims are justified equally well.

f From this point of view, the methodoiogy of research of inductive inference is simiiar to the
methodology of physical science: There exists some phenomenon of nature for which a model
should be found. The mathematical analysis presented here is a tool that helps one to find this
model. The result of any analysis should be confirmed by experiments.

}The simplest induction problem is estimating the function from a set of constants—that is.
functions that take on only one value. This was the case actually under consideration when
the classical theory was developed. However, the structure of the set of constant functions
is too simple, since any subset of constant functions has the same VC dimension, equal to
one. Therefore, the simplest model of induction that requires capacity control is the pattern
recognition problem.



[. The analysis of the uniform law of large numbers and its relation to

the Prnhh'm of induction inference 1s almost m\mn\nh" It includes both
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the qualitative analysis of the model (the analysis of the necessary and
sufticient conditions for consistency) and the quantitative analysis of the
mn(hl (the theory of bounds). The largest part of this book (Chapters

VLo

345, 14,15, and 16) is devoted to lhlb dndlysls.

In spite of the fact that the capacity control principle (the SRM princi-
ple) was discovered in the middle of the 1970s. the development of this
principle—which led to new types of algorithms, the so-called Support
Vecetor Machincs' (SVM)—started only in the 1990s. So far. we have

onlv the first results of the theoretical ,an,al\/u\ alone with the first re-
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lls of prdulcal applications. Chapters 6, 1() 11,12, and 13 are devoted
to this subject. Chapter 7 is closely related to capacity control methods.
[t describes a theory of stochastic itll-posed problems and its application

to the problem of density and C()ndmondl density estimation.

‘9

Lastly, the theory of transductive inference is only at a very carly stage
of development. We have described only very general combinatorial
ideas on factorizing a given set of functions based on a given set of
data. However. new methods for capacity control developed in the last
few years (described in Chapters 10, 11, 12, and 13) appear to be a

good tool for implementing trdnsdumvc inference. Only one chapter
(Chapter 8) s devoted to analysis of this type of inference.

In spite of the fact that this book explicitly deals only with the mathe-
matical problems of inductive inference, it implicitly contains two additional
subjects of discussion: (1) a discussion of the general problem of induction
and (2) a discussion of the existence of various methods of inference., namely,
inference through induction (generalization) and inference through transduc-
tion, the direct (ad hoc) inference. In Chapter 3, there is a direct comparison
of the capacity concepts with some fundamental concepts developed by K.
Popper in the philosophy of science. The problem of transductive inference
has no such remarkable achievement in philosophy as Popper’s theory. The




































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































